3.5. The Chain Rule:

The chain rule is used to differentiate the composite functions.

If y=1f(u) and u=g(x), then

dy dy du
—_— = — K —
dx du dx

EXAMPLE

The function
y=9%" +6x? +1=(3x*+ 1)

is the composite of y = u? and u = 3x? + 1. Calculating derivatives, we see that

dy . du

—— = 2u-Ox

du dx
= 2(3x% + 1)+ 6x
= 36x7 + 12x.
Calculating the derivative from the expanded formula, we get
% = i(#}x“ + 6x? + 1)
= 36x° + 12x.

Parametric Formula for dy /dx
If all three derivatives exist and dx/dt # 0,

dy  dyjdt
dx  dx/dt”
EXAMPLE Differentiating with a Parameter
Ifx =2t + 3and y = t* — 1, find the value of dy/dx att = 6.
Solution  Equation (2) gives dy/dx as a function of #:
dy dy/dt ¢ x -3
d dd 2 T2

When ¢ = 6, dy/dx = 6. Notice that we are also able to find the derivative dy/dx as a

function of x.
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3.6. Implicit Differentiation:

The implicit differentiation is used to differentiate the equation that do not have

the value of y interms of x.

Steps for solution:

1- Differentiate both sides of the equation with respect to x.
2- Collect the terms of dy/dx on one side .
3- Factor out dy/dx .

4- Solve for dy/dx .

EXAMPLE Differentiating Implicitly

Find dy/dx if y* = x* + sinxy

Solution
i il .
y© = x° + sinxy
d( > d (5 d . Differentiate both sides with
o 07) = e () + o5 (siny) respect o x
, . treating y as a function of
ﬂ.ﬁ—“l L (o d e and 11cime the Che :
2y = 2x (cos xv) Xy x and using the Chain Rule
~ dx - dx -
dy . dy
2y—— = 2x + (cosxy)|y + x— Treat xy as a product.
“ dx ' N dx '
dy dy ,
2y—- — (cosxy)| x 5= ) = 2x + (cosxy)y Collect terms with dy/dx
dx - dx ' - :
b Y _ 5, : o/ d
(2y — xcosxy)—— = 2x + ycosxy . and factor out dy/dx.
- - d/.‘. - -
dy  2x + ycosxy . . o
- =3 Solve for dy/dx by dividing
dx 2y — xcosxy ' '
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¥ EXAMPLE Tangent and Normal to the Folium of Descartes

&
2 Show that the point (2, 4) lies on the curve x* + y* — 9xy = 0. Then find the tangent and
normal to the curve there (Figure 3.41).
4
J3+}'379n':0 ) . i . . ) .
Solution  The point (2, 4) lies on the curve because its coordinates satisfy the equation
given for the curve: 2% + 4% — 9(2)(4) =8 + 64 — 72 = 0.
| To find the slope of the curve at (2. 4), we first use implicit differentiation to find a
0 2 Y formula for dy/dx:
¥y —oxyp=0
d ( 3 d ;3 d d Differentiate both sides
L)+ 407 - Llow) = L(o) D
FIGURE Example 4 shows how to dx ) dx ) dx ) dx ) with respect o x.
find equations for the tangent and normal B L dy dy dx Treatxy as a product and y
3x° + pe— — — — | = I . .
to the folium of Descartes at (2, 4). g & dx o\x dx TV dx 0 as a function of x.

(3 ‘—91]@+3r2—9'=0
¥ 3 y

3(y? — 31]% =9y — 3x?
% = H Solve for dv/dx.
We then evaluate the derivative at (x, y) = (2, 4):
dy 3y — x? 3(4) -2 g 4
5(2.4}=m(2.4}=42—73(2)_ﬁ_§.

The tangent at (2, 4) is the line through (2, 4) with slope 4/5:

y=4+3(x-2)

1

.7C+?.

=
I
FAFS

The normal to the curve at (2, 4) is the line perpendicular to the tangent there, the line
through (2, 4) with slope —5/4:
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