Indeterminate Forms and L'Hopital’s Rule

John Bernoulli discovered a rule for calculating limits of fractions whose numerators and
denominators both approach zero or +00. The rule is known today as I’Hépital’s Rule,
after Guillaume de I"Hépital. He was a French nobleman who wrote the first introductory
differential calculus text, where the rule first appeared in print.

Indeterminate Form 0/0

If the continuous functions f(x) and g(x) are both zero at x = a, then

lim £
x—a g(.\f)

THEOREM 6  L'Hépital’s Rule (First Form)

Suppose that f(a) = g(a) = 0, that f'(a) and g'(a) exist, and that g'(a) # 0.
Then

lim L& _ [(@
x—*a g(x] g’(a]'

EXAMPLE Using L'Hopital’s Rule
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THEOREM 7  L'Hopital’s Rule (Stronger Form)

Suppose that f(a) = g(a) = 0, that f and g are differentiable on an open inter-
val I containing a, and that g'(x) # 0 on/ifx # a. Then

lim 1) = lim Fx)
x—*a (A‘.‘) x—*a g'(x) ’

assuming that the limit on the right side exists.

Before we give a proof of Theorem 7, let’s consider an example.

EXAMPLE Applying the Stronger Form of LU'Hopital’s Rule

C VIi+x—1-x/2
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= lim f ]( ) / Stj]l[—j: differentiate again.

x—0 23: (
—3/2
= lim _(1/14)(] * x) / = 1 Not 0, limit is found
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Newton’s Method

One of the basic problems of mathematics is solving equations. Using the quadratic root
formula, we know how to find a point (solution) where x> — 3x + 2 = 0. There are more
complicated formulas to solve cubic or quartic equations (polynomials of degree 3 or 4),
but the Norwegian mathematician Niels Abel showed that no simple formulas exist to
solve polynomials of degree equal to five. There is also no simple formula for solving
equations like sinx = x?, which involve transcendental functions as well as polynomials
or other algebraic functions.

In this section we study a numerical method, called Newton’s method or the
Newton—Raphson method, which is a technique to approximate the solution to an equation
f(x) = 0. Essentially it uses tangent lines in place of the graph of y = f(x) near the
points where f is zero. (A value of x where f is zero is a root of the function f and a
solution of the equation f(x) = 0.)

Procedure for Newton's Method

1. Guess a first approximation to a solution of the equation f(x) = 0. A graph
of y = f(x) may help.

2. Use the first approximation to get a second, the second to get a third, and so
on, using the formula

)
)

if f'(x,) # 0 (1)

Xn+1 = Xn
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EXAMPLE Finding the Square Root of 2

Find the positive root of the equation

flx)=x2—-2=0.

Solution  With f(x) = x2 — 2 and f'(x) = 2x, Equation (1) becomes

xnz - 2
Xntl = Xn = T
R
Xn 1
=Xy — E + E
Xn
= — + —
2 n
The equation
X 1
Xn+1 — E Xn

enables us to go from each approximation to the next with just a few keystrokes. With the
starting value xp = 1, we get the results in the first column of the following table. (To five
decimal places, V2 = 1.41421.)
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