EXAMPLE 9 A Washer Cross-Section (Rotation About the x-Axis)

The region bounded by the curve y = x> + 1 and the line y = —x + 3 is revolved about
the x-axis to generate a solid. Find the volume of the solid.

Solution

1. Draw the region and sketch a line segment across it perpendicular to the axis of revo-
lution (the red segment in Figure 6.14).

2. Find the outer and inner radii of the washer that would be swept out by the line seg-
ment if it were revolved about the x-axis along with the region.

These radii are the distances of the ends of the line segment from the axis of revolu-
tion (Figure 6.14).

Outer radius: R(x) = —x + 3

Inner radius: r(x) = x* + 1

3. Find the limits of integration by finding the x-coordinates of the intersection points of
the curve and line in Figure 6.14a.
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FIGURE 6.15 (a) The region being
rotated about the y-axis, the washer radii,
and limits of integration in Example 10.
(b) The washer swept out by the line
segment in part (a).

To find the volume of a solid formed by revolving a region about the y-axis, we use
the same procedure as in Example 9, but integrate with respect to y instead of x. In this sit-
uation the line segment sweeping out a typical washer is perpendicular to the y-axis (the
axis of revolution), and the outer and inner radii of the washer are functions of y.

EXAMPLE 10 A Washer Cross-Section (Rotation About the y-Axis)

The region bounded by the parabola y = x? and the line y = 2x in the first quadrant is re-
volved about the y-axis to generate a solid. Find the volume of the solid.

Solution  First we sketch the region and draw a line segment across it perpendicular to
the axis of revolution (the y-axis). See Figure 6.15a. _

The radii of the washer swept out by the line segment are R(y) = Vo, r(y) = y/2
(Figure 6.15).

The line and parabola intersect at y = 0 and y = 4, so the limits of integration are
¢ = 0Dand d = 4. We integrate to find the volume:
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