Length of curves in the plane:

Given a continuously differentiable function y = f(x), @ = x = b, we can assign x = ¢
as a parameter. The graph of the function f i1s then the curve C defined parametri-
cally by

x =t and  y = f(1), a=t=bhb,

a special case of what we considered before. Then,

d.,\' o ﬁ _ '
i 1 and o f(1).

From our calculations in Section 3.5, we have

dy  dy/dt
dx — dx/dt

2 d 2
(&)« (F) =1+ vor
2
o

=1+ [f(0)F.

Substitution into Equation (1) gives the arc length formula for the graph of y = f(x).

= f'(#)

giving
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Formula for the Length of y = f(x), a=x=bh
If f is continuously differentiable on the closed interval [a. b]. the length of the
curve (graph) y = f(x) fromx = atox = bis

b [dv\? b
L =l VI (E) dx =£ V1 + [f(x)] dr. 2)

EXAMPLE 3 Applying the Arc Length Formula for a Graph

Find the length of the curve

y:wxlﬂ—l, 0=x=1.

a3

Solution ~ We use Equation (2) witha = 0,5 = 1. and
_ 4V 2 32 _ 4

y 3 %
dr _aV2 3, [y 1/2
3 S X = 2V 2x

(%)2 = (2 \f”Ex‘f’E)z = 8.

The length of the curve fromx = Otox = 1 is
Eq. (2) with
f f + 8xdx a=0,b=1
Letu = 1 + Bx,
13
6

. / Vi (@)
integrate, and

- = —(l + 8y )3x2] — replace u by

0 | + &x.
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Dealing with Discontinuities in dy/dx

At a point on a curve where dy/dx fails to exist, dx/dy may exist and we may be able to
find the curve’s length by expressing x as a function of y and applying the following ana-

logue of Equation (2):

Formula for the Length of x = g(y), c=y=d
If g is continuously differentiable on [, d], the length of the curve x = g(y)

fromy =ctoy=4dis

L /d Illll (dx)zd /d\fll ()P d 3
= | -+ e = / -+ B .
A\ &) Y= [g'(»)]" dy (3)

EXAMPLE 4  Length of a Graph Which Has a Discontinuity in dy/dx

Find the length of the curve y = (x/2)*” fromx = Otox = 2.
Solution  The derivative
dy 2 (x\P 1 12}
de 3 \2 2/ 3\~X

is not defined at x = 0., so we cannot find the curve’s length with Equation (2).
We therefore rewrite the equation to express x in terms of y:

@

32 X Raise both sides
~— 9 to the power 3/2.
x =2y, Solve for x.

From this we see that the curve whose length we want is also the graph of x = 2y*?2 from

y = 0to y = 1 (Figure 6.27).
The derivative
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(xR . dx 3 ; Y,
Loy= (2] D=x=2 d_y — 2(5)},”2 = 3yl

is continuous on [0, 1]. We may therefore use Equation (3) to find the curve’s length:

L Eq. (3) with
/ \ (dy) dy = -L V1 + 9ydy e=0,d=1.

[=]
[y
-
I~
Il

i |
FIGURE 6.27 The graph of y = (x/2)%° _

from x = 0tox = 2 is also the graph of
x =2 fromy =0toy = 1
(Example 4).

ua|N

(1 + 01)3’“}

0 i nd
substitute back

(10V10 — 1) =~ 2.27.

) o|—
-=J|N vl
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