8.4: Trigonometric Integrals:-

Products of Powers of Sines and Cosines

We begin with integrals of the form:

f sin™ x cos” x dx,

where m and » are nonnegative integers (positive or zero). We can divide the work into
three cases.

Case 1 If m is odd, we write m as 2k + 1 and use the identity sinx = 1 — cos®x to
obtain

m 2k+1

sin” x = sin?* "' x = (sinx)*sinx = (1 — cos®x)*sin x. (1)

Then we combine the single sin x with dx in the integral and set sin x dx equal to —d (cos x).

m

Case 2 Ifmiseven and » 1s odd in f sin™ x cos" x dx, we write n as 2k + 1 and use the

identity cos’x = 1 — sin®x to obtain

2k+1

cos”x = cos? 1y = (cos’x)fcosx = (1 — sin’x)Fcos x.

We then combine the single cos x with dx and set cos x dx equal to d(sin x).

m

Case 3 If both m and » are even in f sin” x cos” x dx, we substitute

sin® x = % cos? x = % @

to reduce the integrand to one in lower powers of cos 2x.
Here are some examples illustrating each case.

EXAMPLE1  mis Odd

Evaluate

/ sin’ x cos® x dx.
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Solution

- 3 92 .7 -
/sm’x cos” x dx 2/5111‘3:00523' sin x dx

= / (1 — cos’x) cos’x (—d (cos x))

2/(1 — 1)) (—du) u = COSx
= / (u* — 1) du
5 3
__w -
353 T¢
5 3
_Cos’x  cos’x . .
5 3

EXAMPLE 2  mis Even and n is Odd

/ cos® x dx.
Solution

/cosﬁx dx = /cos4,r cosxdx = / (1 — sin’x)? d(sinx) m=0
= /{1 — ) du u = sinx
= /{1 — 2 + ) du

0w+ %us + (' = sinx —

Evaluate

. l . -
sin® x + ;smﬁx + C. [ |

IS
L2k

= u —

Tikirit University, Chemical Engineering, Mathematical Lectures Suhaib S. Saleh



EXAMPLE 3 m and n are Both Even

Evaluate
/ sin’ x cos” x dx.

L )
/sinzx costxdx = / (l EOS 2”}“)(1 * EDS 2,1:) dx

= l/ (1 — cos 2x)(1 + 2 cos 2x + cos” 2x) dx

Solution

8

= %/ (1 + cos2x — cos®2x — cos’ 2x) dx

= é[r + %sin 2x — /{coszlr + cos’ 2x]dx]

For the term involving cos® 2x we use

/3052 2xdx = %/ (1 + cosdx) dx

1 1 . Omitting the constant of
) X+ 4 sin 4x |. integration until the final result

For the cos® 2x term we have

. u = sin 2x,
/cos3 2xdx = / (1 — sin? 2x) cos 2x dx ,

vy Ve A
du 2 cos 2x dx

Agai
= %/ (1 =) du = % (Sin 2x — %Siﬂ} Zr) . t‘!l;lilllll:[1g c

Combining everything and simplifying we get

o4 N U U ISR (P DA .
fsm X COS™ x dx 6 (.x 4sm dx + 3 sin 2.1) + C. ]
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Eliminating Square Roots

In the next example, we use the identity cos’# = (1 + cos 26)/2 to eliminate a square
root.

EXAMPLE 4 Evaluate

/4
/ /1 + cosdxdx.
0

Solution To eliminate the square root we use the identity

_ | + cos 26

3 : or 1 + cos20 = 2cos 8.

cos2

With # = 2x, this becomes
1 + cosdx = 2 cos? 2x.

Therefore,

7L S T4 /4
/ V1 + cosdxdx = / V2 cos? 2x dx = V2V cos? 2x dx
0 0 0
/4 w4 .
- \/E/ |cos 2x | dx = VQ/ cos 2x dx cosix =0
0 0

on [0, 7 /4]

— . /4 J,.f"_ /
= V2 {S'“zzx] Z\’T[l — 0] = %2, 0
0

Integrals of Powers of tan x and sec x

We know how to integrate the tangent and secant and their squares. To integrate higher
powers we use the identities tan’ x = sec’x — 1 and sec’x = tan’x + 1, and integrate
by parts when necessary to reduce the higher powers to lower powers.

Tikirit University, Chemical Engineering, Mathematical Lectures Suhaib S. Saleh



EXAMPLE 5  Evaluate

f tan® x dx.

/tan“x dx = /tanz,x'-tanz.r dx = /tanz.xf'(seczx — 1) dx
/ tan® x sec® x dx — / tan® x dx

/tanzx sec? x dx — /(secz.r — 1) dx

= /tanzx sec? x dy — /seczx dx + /dr.

In the first integral, we let

Solution

u = tanx, du = sec? x dx

1 3 .
/uzdu =:’u) +: €y

The remaining integrals are standard forms, so

and have

/ tan® x dx = %tan3 x — tanx + x + C.

EXAMPLE 6  Evaluate

/ sec” x dx.
Solution We integrate by parts, using
u = secx, dv = sec?x dx, v = tanux, du = secxtanx dx.

Then
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/5603 xdx = secxtanx — f(tanx](secx tan x dx)

= secxtanx — f(seczx — 1) secxdx tan’x = sec’x — 1

= secxtanx + fsecx dx —[sec3,r dx.

Combining the two secant-cubed integrals gives

2] sec xdx = secxtanx + fsecx dx

and

/ sec’ x dx = %sec,ﬂanx + %ln |secx + tanx| + C. |

Products of Sines and Cosines
The integrals
/ sin mx sin nx dx, / Sin mx cos nx dx, and / COS mx coS nx dx

arise in many places where trigonometric functions are applied to problems in mathemat-
ics and science. We can evaluate these integrals through integration by parts, but two such
integrations are required in each case. It is simpler to use the identities

sin mx sin nx = %[COS (m — n)x — cos(m + n)x], (3)

sin mx cos nx = %[sin (m — n)x + sin(m + n)x], (4)
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cos mx cos nx = = [cos (m — n)x + cos(m + n)x]. (5)

.r-}

i

These come from the angle sum formulas for the sine and cosine functions (Section 1.6).
They give functions whose antiderivatives are easily found.

EXAMPLE 7 Evaluate

/ sin 3x cos Sx dx.

Solution From Equation (4) withm = 3 and n = 5 we get

/ sin 3x cos Sx dx = %/ [sin (—2x) + sin 8x] dx

= %f (sin 8x — sin 2x) dx

__cos8x | cos2x
= 6 g + C. |

Exercises 8.4 :

o1f2 /2 wif2 «rf2
) Ly 9. 5 19 . . )
I. fﬂ sin’x dx = jo (sin®x)”sin x dx = fﬂ (1 - cos?x)“sinx dx = f[} (1 — 2cos?x + cos*x)sin x dx

) 12 )
=fo sinxdx—fﬂ "coszxsmxdx+j Cos xsmxdxz[ cos X + —m”——“;"]

-0)-(1+3-D=3

1]

2 i o . i o
5. j sin’y dy = j smﬁysinydy:jo (1-costy)’ sinydy:j0 sinydy—fijo cos’y sin y dy
i 2 by o cos’ ady | cosy] 2 16
HJ costy siny dy - j cosysmydy—[ cosy+ 35 -3 L &Y = () (-141-341) =8

0

P -7l2 ) /2
1. fﬂ 35 sin*x cos’x dx = jﬂ 35 sin*x (1 — sin®x)cos x dx = 35]{} sin*x cos X dx — 351{} sin®x cos x dx

357]m=(7—5)—(0)=2

0

_ [355in5x

RN, PN ) _ | _1cos2x l__l 1_
[2. f{] cos=2xsin 2x dx = [ i =+ =0
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37. fnp cos 3x cos 4x dx = 5 1

w2
171

-‘rTl,r"z
38. f , €08 7x cos x dx = 3
w2

lj: (cos(—x) + cos 7x) dx = 5[—Si[1(—X)+}:SiI] 7){} ; = %

7/ : ‘ : /2
1 e e _ 11 1. /
f w.z(a.os 6x -+ cos 8x) dx = %[ %Lsin 6x+ Lsin 8x] 2

=0
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