8.5: Trigopnometric Substitutions:

Trigonometric Substitutions enable us to replace the binomials (a? + u?),

(a® —u?), and (u?— a?) by single squared terms to find many important
integrals.

In this Substitutions:

For (a®?—u?) use u=asin@® , -2 <0<n/2.

For (a®+u?) use u=atanf , -n/2 <0<m/2.

For (u?—a®*) use u=asecO, 0<0<m, 0 * m/2

EXAMPLE 1 Using the Substitution x = atan#

Evaluate
/ * dx
V4 + x?

FIGURE 8.4 Reference triangle for
x = 2tan ¢ (Example 1):

fan# =

b | =

and

V4 + x?

secH = >
-

Tikirit University, Chemical Engineering, Mathematical Lectures Suhaib S. Saleh



Solution We set

3

x = 2tané, dx = 2sec’ 0do, -5 <8<

4+ x*=4+ 4tan’6 = 4(1 + tan’?H) = 4sec? 4.

dx _ 2sec’ 0 do _ sec’ O do \sec? 6 sec
V4 + x? V4 sec? o |sec |

sec = 0 for
= sec 6 df

= In|secf + tanf| + C

w2l

Then

|-_;|:|

ra] =

V4 + 2 ) From Fig. 8.4
=In|—5—+ % +C

— Taking €' = C — In2
—In|V4+2+x| +C. e !

Notice how we expressed In |sec & + tan #| in terms of x: We drew a reference triangle for
the original substitution x = 2 tan 6 (Figure 8.4) and read the ratios from the triangle. m

EXAMPLE 2  Using the Substitution x = asin 8

/ xZ dx
V9 — x? ‘

Evaluate
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Solution We set

o

A o T, T
x = 3sinéb, dx = 3cos8do, 7 < 0 < 5

9 —x2 =9 —9sin’8 = 9(1 — sin’#) = 9cos’H.

Then
_ xTdx 2 dx 9sin’ 63 cosf db
\/9_,(2 |3 cosd
=9 / sin” 6 df cost
:9/1—c052ﬁd8
2
_9(, sin26
_2( 2 )+c
_9 . w sin 26
—5(9—51n90059)+(,
_9 -1X X V9 — & ~ Fig. 8.5
=3 (sm 373 3 ) + C £
—2in X _X\9_ 24 ¢
—2511'1 3 > 9 —x + (
3 X
f
9 — 2

FIGURE 8.5 Reference triangle for
x = 3sin & (Example 2):

: _ X
51118—3
and
V9 — x?2
cos —f

0 for

SIE]

2 sinfl cos f
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EXAMPLE 3  Using the Substitution x = asec#

Evaluate
/ dx
- — X
V25x2 — 4

Solution We first rewrite the radical as

Vase -4 = as (:c2 - %)

—

“sye - (3)

to put the radicand in the form x? — a®. We then substitute

V

wn ko

x=%sec€._ d,?::%secﬁtanb‘dﬁ, 0<h<2I

2
2 (24 o, 4
‘ 5 25 25
= %(seczﬂ —1) = 24,3 tan® 6
|I 2 - I !L -
\I,I"xz - (%) = % tanf| = %tanﬁ. :;”.] 9 “:]3
With these substitutions, we have
/ / (2/5) sec 8 tan 6 d
\/251: - — (4/2‘3) 5-(2/5)tan 6
/secHdH = zIn[sect + tanf| + C
V2sxt — 4| )
= gln 7 + f + C. Fig. 8.6
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X/ IV25xE — 4

0
2

FIGURE 8.6 1Ifx = (2/5)sec#,

0 < 6 < /2, then # = sec”!(5x/2), and
we can read the values of the other
trigonometric functions of # from this right
triangle (Example 3).

Exercises 8.5 :

Ly 3= <Oy =38 040 =01 ) = gy = o= o

05 f

beuluse cos > 0 when - § < < ) ;

f\/ﬁr_ gogofidg jcosﬂ lI]‘SECH-l—LlI]H‘-l—C’—l[1|‘/_ |‘|'(V_ln|\/g‘|'\’ ‘|')J|-|-C

+=[=
s S
I
—
=
S
—
I
| =
fa
Il
==

5[ = [Pt 3%, = Lt Tt )= (3) (2

1. y="Tsec.0<f < 7.dy=Tsechtanf df, \/y* — 49 =7 tan 6;
JLEB gy [QaniTset S _ g (a2 dp =7 [(sectf— 1) df = Titan § — 6) + C

TsecH

=T[5 st ()] +C

Tikirit University, Chemical Engineering, Mathematical Lectures Suhaib S. Saleh



