Chapter Two

Limits and Continuity

2.1. Limits of functions values :

Let f(x) be defined on an open interval about xg, except possibly at x itself. If f(x)
gets arbitrarily close to L (as close to L as we like) for all x sufficiently close to xp, we say
that f approaches the limit L as x approaches xg, and we write

EXAMPLE
(a) !imz{ﬁf} =4
(b) lim (@) =4

x——1
(¢) llmx =23
(d)

X—

lim(5x — 3) =
x—2

lim f(x) = L,
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Calculating Limits Using the Limits Law :

EXAMPLE

Using the Limit Laws

Use the observations limy—,. & = k and limy—.x = ¢
properties of limits to find the following limits.

(a) lim(x* + 4x? — 3)

X—c

Solution

(a) lim(x® + 4x2 — 3) =

X—*c

X +x

4 2
. -1
b) lim = ad

( ) x—*¢ x?‘ + 5

lim x* + lim 4x? — lim 3

X—*cC X—*C X—c

¢+ 402 -3

lim(x* + x2 — 1)

X —*C

lim =
x—¢ x°+ 5

(b)

lim(x* + 5)

X—*cC

lim x* + lim x2 — lim 1

X —*C

x—¢ x—*¢

lim x% + lim 5

X—*C Xx—cC

e+t -1

ct+5s

Finding Limits by Calculating f(xp)

and the

lim V4x? — 3

x——2

Sum and Difference Rules

Product and Multiple Rules

Quotient Rule

Sum and Difference Rules

Power or Product Rule
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One sided limits and limits at infinity :

The symbol “x — ¢~ ” means that we consider only x values less than c.
These informal definitions are illustrated in Figure For the function f(x) = x/|x|
in Figure we have
lim f(x) =1 and lins_ flx) = —1.
x—

x—0

¥ ¥
—
M
L fx) flx) <
X X
0 C e X 0 x » C
(a) lim fix)=1L (b) lim fx)=M
X—=cT ) o
FIGURE (a) Right-hand limit as x approaches ¢. (b) Left-hand limit as x
approaches c.
y EXAMPLE Limits of the Function Graphed in Figure
¥y = Atx = 0: lim,—g+ f(x) = 1,

2 ¢ limy o~ f(x) and limy—q f(x) do not exist. The function is not de-

fined to the left of x = 0.
1 *—J .

R Atx = 1: limy—- f(x) = 0 even though f(1) = 1,

5] Il é g ~Il [ l%ml_m flx) =1, . . o

limy—; f(x) does not exist. The right- and left-hand limits are not
FIGURE Graph of the function equal.
in Example Atx = 2: limy—a- flx) = 1,

lim,—s+ f(x) =1,
limy—> f(x) = 1 eventhough f(2) = 2.

Atx = 3: limy—s f(x) = limy—s f(x) = limy—3 f(x) = f(3) = 2.
Atx = 4: limy -4~ f(x) = 1 even though f(4) # 1,

lim,—4+ f(x) and lim,—4 f(x) do not exist. The function is not de-
fined to the right of x = 4.

At every other point ¢ in [0, 4], f(x) has limit f(c). |
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