CHAPTER 10 POLAR COORDINATES

EXAMPLE: Sketch the curve r= cos(26); 0 < © < 2mt (four-leaved rose).

Solution: We have

r=cos(2theta), theta=Pi/6 r=cos(2theta), theta=2 Pi/6 r=cos(2theta), theta=3 Pi/6
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r=cos(2theta), theta=10 Pi/6
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EXAMPLE: Sketch the curve r=sin(26); 0 < © < 2n(four-leaved rose).

Solution: We have

r=sin(2theta), theta=Pi/6
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r=sin(2theta)

EXAMPLE: Sketch the curve r=sin(36); 0 < © < 1t (three-leaved rose).

Solution: We have

r=sin(3theta), theta=Pi/12
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r=sin(3theta), theta=4 Pi/12
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r=sin(3theta), theta=6 Pi/12
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Solution: We have

EXAMPLE: Sketch the curve r=sin(46); 0 < © < 2r(eight-leaved rose).
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r=sin(4theta), theta=Pi/6
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r=sin(4theta), theta=5 Pi/6
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EXAMPLE:

Sketch the curve r=sin(58); 0 < © < 2nt (five-leaved rose).




Solution: We have

r=sin(5theta), theta=Pi/6
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theta=3 Pi/6

theta=6 Pi/6

theta=9 Pi/6

r=sin(Stheta), theta=12 Pi/6
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Areas and Lengths in Polar Coordinates

In t his section we develop t he formula f o r t he area of a region whose boundary is given by a polar
equation.

We needtousetheformulafortheareaofasectorofacircle

1
A = 5?"29

Where ris t he radius and 6 is t he radian measure o f the central angle. Formula 1 follows from the fact
that the area o f a sector is proportional to its central angle:

o 1
A=§~ﬁr2=§r29

Let R be the region bounded by the polar curve r=f(8) and by the rays 6=a and 8=b, where f is a positive
continuous function and where 0 <b —a < 2m.

We divide t he interval [a, b] in to subintervals with end points 8y, 8;, 6,, . . ., 6, and equal width AB. The
rays 6=6; then divide R in to n smaller regions with central angle AB=6; -8,_;. If we choose 6+ in the

ith subinterval [B;_;, 6;], then the area AA, of the ith region is approximated by the area of the sector of a
circle with central angle AB and radius f(8%;) . Thus from Formula 1 we have

AA, ~ S[F(0])7 08

b =

and so an approximation to t he total area A, fR is

A=Y %[f(ﬁ;“)]QAG.
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One can see that the approximation in ( 2 ) improves as n—> o=, But t he sums in ( 2 ) are Riemann sums
for the function

0(0) = S[F0)

SO

n b
tim 32 51@)PA0 = [ 5U0)Fas

It therefore appears plausible ( and can in fact be proved) that the formula for the area A of the polar

Region R is

This formula is often written as:

b1
AZ\[; §T2dl9

EXAMPL E: Find the area of each of the following regions:

Solution:

(a)We have

3m/4 9 1 3/ 1 /37 =« 1 /27 T
A= —.1%d6 = = df==——=]==(— ] ==
];/,1 2 2/;/,1 2(4 4) 2(4) 4

(b) We have
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27r+7r/4 27r+7r/4
A= 1-120!9:1/ do=L(on+ T 3T\ Ll(gp _2M) __T_37
\ 2 2 1

3n/a 2 2 Jan/a 4 4 4 4
(c) We have
Tm/4 1 1 T /4 1 1 9
A= _.12059:_/ dgz_(ﬁ_ﬁ)z_(_w)zf
57 /4 2 2 57 /4 2\ 4 4 2\ 4 4
(d) We have

2rtm/4 1 [t/ 1 T 1 6m 3w
A= —.1%df = = dd==(2r4+—-——)==(2"r—— )| =0— — = =

or

x/4 x/4
[ [ ()30 -

EXAMPL E: Find the area of the inner loop of r=2 + 4 cosB .

Solution: We first find a and b:
1
24+4cosf =0 — 0059=—§ = =— —

There fore the area is
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/3 4 /3
/ —(2+4cosl9)2d9=/ —(4 + 16 cosf + 16 cos® #)do
2w /3 2 /3

A

A7 /3

A7 /3
—j (24 8cos +4(1 + cos(20))dd —/ (6 + 8 cos 4 4 cos(20))do
27 /3 27 /3
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