
Fourth Class                                                                                                         Process Control 
 

43 
 

UResponse of 1UPU

st
UPU  order system to rectangular pulse: 

𝐺𝐺(𝑠𝑠) =
𝑦𝑦(𝑠𝑠)
𝑓𝑓(𝑠𝑠)  =

𝑘𝑘
𝜏𝜏𝜏𝜏 + 1    

 𝑓𝑓(𝑠𝑠) =
𝑏𝑏
𝑠𝑠 −

𝑏𝑏
𝑠𝑠 𝑒𝑒

−𝑎𝑎𝑎𝑎  

𝑦𝑦(𝑡𝑡) = ʆ−1 �
𝑘𝑘

𝜏𝜏𝜏𝜏 + 1� �
𝑏𝑏
𝑠𝑠 −

𝑏𝑏
𝑠𝑠 𝑒𝑒

−𝑎𝑎𝑎𝑎� 

t=0   y(t)=0 

0<t<a     𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘�1 − 𝑒𝑒−𝑡𝑡 𝜏𝜏⁄ � 

t=a     𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘�1 − 𝑒𝑒−𝑎𝑎 𝜏𝜏⁄ � 

a<t<∞        𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘�1 − 𝑒𝑒−𝑡𝑡 𝜏𝜏⁄ � − 𝑘𝑘𝑘𝑘�1 − 𝑒𝑒−(𝑡𝑡−𝑎𝑎) 𝜏𝜏⁄ � 

                               = 𝑘𝑘𝑘𝑘�𝑒𝑒−𝑎𝑎 𝜏𝜏⁄ − 1�𝑒𝑒−𝑡𝑡 𝜏𝜏⁄ = 𝛼𝛼𝑒𝑒−𝑡𝑡 𝜏𝜏⁄     𝑎𝑎𝑎𝑎   𝑡𝑡 = 𝑎𝑎 

UResponse of 1UPU

st
UPU  order system to ramp function: 

𝐺𝐺(𝑠𝑠) =
𝑘𝑘

𝜏𝜏𝜏𝜏 + 1    

𝑦𝑦(𝑡𝑡) = 𝑚𝑚𝑚𝑚       ,𝑓𝑓(𝑠𝑠) =
𝑚𝑚
𝑠𝑠2      

𝑦𝑦(𝑡𝑡) = ʆ−1 �
𝑘𝑘

𝜏𝜏𝜏𝜏 + 1� �
𝑚𝑚
𝑠𝑠2� 

𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘�𝑡𝑡 − 𝜏𝜏 + 𝜏𝜏𝑒𝑒−𝜏𝜏 𝜏𝜏⁄ � 

t=0   y(t)=0       

t→∞             𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘(𝑡𝑡 − 𝜏𝜏) 

 𝐺𝐺(𝑠𝑠) = 𝑘𝑘
𝜏𝜏𝜏𝜏+1

  

𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘�𝑡𝑡 − 𝜏𝜏 + 𝜏𝜏𝑒𝑒−𝜏𝜏 𝜏𝜏⁄ � 

 𝑡𝑡 → ∞  𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘(𝑡𝑡 − 𝜏𝜏) 
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UResponse of 1UPU

st
UPU  order system to sinusoidal input: 

𝐺𝐺(𝑠𝑠) =
𝑘𝑘

𝜏𝜏𝜏𝜏 + 1 

 𝑓𝑓(𝑠𝑠) =
𝑎𝑎𝑎𝑎

𝑠𝑠2 + 𝜔𝜔2 

𝑦𝑦(𝑡𝑡) = ʆ−1 �
𝑘𝑘

𝜏𝜏𝜏𝜏 + 1� �
𝑎𝑎𝑎𝑎

𝑠𝑠2 + 𝜔𝜔2� 

𝑦𝑦(𝑡𝑡) =
𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘

𝜏𝜏2𝜔𝜔2 + 1 𝑒𝑒
−𝜏𝜏 𝜏𝜏⁄ +

𝑘𝑘𝑘𝑘
𝜏𝜏2𝜔𝜔2 + 1 sin𝜔𝜔𝜔𝜔 −

𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘
𝜏𝜏2𝜔𝜔2 + 1 cos𝜔𝜔𝜔𝜔  

Final response 𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘
𝜏𝜏2𝜔𝜔2+1

sin𝜔𝜔𝜔𝜔 − 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘
𝜏𝜏2𝜔𝜔2+1

cos𝜔𝜔𝜔𝜔 

𝑞𝑞 = 𝑘𝑘𝑘𝑘
𝜏𝜏2𝜔𝜔2+1

   ,𝑝𝑝 =  −𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘
𝜏𝜏2𝜔𝜔2+1

  ,𝜑𝜑 = tan−1 −𝜔𝜔𝜔𝜔 

𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘
√𝜏𝜏2𝜔𝜔2+1

sin(𝜔𝜔𝜔𝜔 − 𝜑𝜑)     frequency steady state response 

 

Fig.20 Response of thermometer to sinusoidal input 

 

 


