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UPade  approximation : 

Simplest approach to approximate a time delay by rational function is to choose the 
quotient of two polynomials specifically designed to match the terms of truncated 
Taylor series expansion of 𝑒𝑒−𝑎𝑎𝑎𝑎  

𝑒𝑒−𝑎𝑎𝑎𝑎 = 1 − 𝑎𝑎𝑎𝑎 +
𝑎𝑎2𝑠𝑠2

2! −
𝑎𝑎3𝑠𝑠3

3! + ⋯ 

𝑒𝑒−𝑎𝑎𝑎𝑎 =
𝑒𝑒−

𝑎𝑎
2𝑠𝑠

𝑒𝑒
𝑎𝑎
2𝑠𝑠

= 𝐺𝐺1(𝑠𝑠) =
1 − 𝑎𝑎

2 𝑠𝑠

1 + 𝑎𝑎
2 𝑠𝑠

 

𝑒𝑒−𝑎𝑎𝑎𝑎 = 𝐺𝐺2(𝑠𝑠) =
𝑎𝑎2𝑠𝑠2 − 6𝑎𝑎𝑎𝑎 + 12
𝑎𝑎2𝑠𝑠2 + 6𝑎𝑎𝑎𝑎 + 12 

 

UTime delay with sinusoidal input : 

𝜑𝜑 = 𝑓𝑓(𝜔𝜔) 

ω=0    φ=0 

𝜔𝜔 → ∞   𝜑𝜑 → −∞ 

𝜑𝜑 = −𝜔𝜔𝜏𝜏𝐷𝐷 

AR=1 

𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝜔𝜔(𝑡𝑡 − 𝜏𝜏𝐷𝐷) 

𝜑𝜑 = −𝜔𝜔𝜏𝜏𝐷𝐷 

AR=
𝑘𝑘𝑘𝑘
𝑎𝑎

= 𝑘𝑘 

UFirst order system in series 

𝐺𝐺(𝑠𝑠) =
𝑦𝑦(𝑠𝑠)
𝑓𝑓(𝑠𝑠) 

          = 𝑦𝑦1(𝑠𝑠)
𝑓𝑓(𝑠𝑠)

× 𝑦𝑦2(𝑠𝑠)
𝑦𝑦1(𝑠𝑠)

 

           = 𝐺𝐺1(𝑠𝑠) × 𝐺𝐺2(𝑠𝑠) 
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𝐺𝐺(𝑠𝑠) =
𝑘𝑘1

(𝜏𝜏1𝑠𝑠 + 1)
𝑘𝑘2

(𝜏𝜏2𝑠𝑠 + 1). 

𝐺𝐺(𝑠𝑠) =
𝑘𝑘

𝜏𝜏1𝜏𝜏2𝑠𝑠2 + (𝜏𝜏1 + 𝜏𝜏2)𝑠𝑠 + 1           (1) 

𝐺𝐺(𝑠𝑠) =
𝑘𝑘

1
𝜔𝜔𝑛𝑛2

𝑠𝑠2 + 2𝜑𝜑
𝜔𝜔𝑛𝑛

𝑠𝑠 + 1
                        (2) 

𝜔𝜔𝑛𝑛 =
1

√𝜏𝜏1𝜏𝜏2
                , 𝜑𝜑 =

1
2 �𝜏𝜏1 + 𝜏𝜏2

1
√𝜏𝜏1𝜏𝜏2

� 

 

 


