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UInteracting system 

 

 

                   

Fig.23 Interacting two –tank liquid level system 

 

UTank one  

mass balance around the tank one   

Steady state balance 

𝑄𝑄𝑖𝑖𝑜𝑜 − 𝑄𝑄1
𝑜𝑜 = 𝐴𝐴1

𝑑𝑑𝐻𝐻𝑖𝑖𝑜𝑜

𝑑𝑑𝑑𝑑 = 0 

assume  the resistance of the value are linear 

𝑄𝑄𝑖𝑖𝑜𝑜 − �
𝐻𝐻1
𝑜𝑜 − 𝐻𝐻2

𝑜𝑜

𝑅𝑅1
� = 𝐴𝐴1

𝑑𝑑𝐻𝐻1
𝑜𝑜

𝑑𝑑𝑑𝑑 = 0             (1) 

Transient  (unsteady)state 

𝑄𝑄𝑖𝑖′(𝑡𝑡) − �
𝐻𝐻1
′ (𝑡𝑡) −𝐻𝐻2

′ (𝑡𝑡)
𝑅𝑅1

� = 𝐴𝐴1
𝑑𝑑𝐻𝐻1

′(𝑡𝑡)
𝑑𝑑𝑑𝑑             (2) 

Substrate Eq.(1) from (2): 

(𝑄𝑄𝑖𝑖′(𝑡𝑡)− 𝑄𝑄𝑖𝑖𝑜𝑜) − �
𝐻𝐻1
′ (𝑡𝑡) −𝐻𝐻1

𝑜𝑜

𝑅𝑅1
� + �

𝐻𝐻2
′ (𝑡𝑡)− 𝐻𝐻2

𝑜𝑜

𝑅𝑅1
� = 𝐴𝐴1

𝑑𝑑(𝐻𝐻1
′(𝑡𝑡) −𝐻𝐻1

𝑜𝑜)
𝑑𝑑𝑑𝑑
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𝑄𝑄𝑖𝑖(𝑡𝑡) −
𝐻𝐻1(𝑡𝑡)
𝑅𝑅1

+
𝐻𝐻2(𝑡𝑡)
𝑅𝑅1

= 𝐴𝐴1
𝑑𝑑𝐻𝐻1(𝑡𝑡)
𝑑𝑑𝑡𝑡

 

𝑅𝑅1𝐴𝐴1
𝑑𝑑𝐻𝐻1(𝑡𝑡)
𝑑𝑑𝑑𝑑

+ 𝐻𝐻1(𝑡𝑡) = 𝐻𝐻2(𝑡𝑡) + 𝑅𝑅1𝑄𝑄𝑖𝑖(𝑡𝑡) 

L.T. 

(𝜏𝜏1𝑠𝑠 + 1)𝐻𝐻1(𝑠𝑠) = 𝐻𝐻2(𝑠𝑠) + 𝑅𝑅1𝑄𝑄𝑖𝑖(𝑠𝑠)           (2𝑎𝑎) 

𝜏𝜏1 = 𝐴𝐴1𝑅𝑅1 

UTank two 

 mass balance Steady state balance 

𝑄𝑄1
𝑜𝑜 − 𝑄𝑄2

𝑜𝑜 = 𝐴𝐴2
𝑑𝑑𝐻𝐻2

𝑜𝑜

𝑑𝑑𝑑𝑑 = 0 

�
𝐻𝐻1
𝑜𝑜 − 𝐻𝐻2

𝑜𝑜

𝑅𝑅1
� −

𝐻𝐻2
𝑜𝑜

𝑅𝑅2
= 𝐴𝐴2

𝑑𝑑𝐻𝐻2
𝑜𝑜

𝑑𝑑𝑑𝑑 = 0             (3) 

Transient  (unsteady)state 

�
𝐻𝐻1
′ (𝑡𝑡) −𝐻𝐻2

′ (𝑡𝑡)
𝑅𝑅1

� −
𝐻𝐻2
′

𝑅𝑅2
= 𝐴𝐴2

𝑑𝑑𝐻𝐻2
′(𝑡𝑡)
𝑑𝑑𝑑𝑑             (4) 

Sub. Eq.(1) from (2): 

�
𝐻𝐻1
′ (𝑡𝑡) −𝐻𝐻1

𝑜𝑜

𝑅𝑅1
� − �

𝐻𝐻2
′ (𝑡𝑡) −𝐻𝐻2

𝑜𝑜

𝑅𝑅1
� −

𝐻𝐻2
′ (𝑡𝑡) −𝐻𝐻2

𝑜𝑜

𝑅𝑅2
= 𝐴𝐴2

𝑑𝑑(𝐻𝐻2
′(𝑡𝑡) −𝐻𝐻2

𝑜𝑜)
𝑑𝑑𝑑𝑑

 

𝐻𝐻1(𝑡𝑡)
𝑅𝑅1

−
𝐻𝐻2(𝑡𝑡)
𝑅𝑅1

−
𝐻𝐻2(𝑡𝑡)
𝑅𝑅2

= 𝐴𝐴2
𝑑𝑑𝐻𝐻2(𝑡𝑡)
𝑑𝑑𝑑𝑑

 

𝑅𝑅2𝐴𝐴2
𝑑𝑑𝐻𝐻2(𝑡𝑡)
𝑑𝑑𝑑𝑑

+ �
𝑅𝑅2

𝑅𝑅1
+ 1�𝐻𝐻2(𝑡𝑡) =

𝑅𝑅2

𝑅𝑅1
𝐻𝐻1(𝑡𝑡) 

𝜏𝜏2
𝑑𝑑𝐻𝐻2(𝑡𝑡)
𝑑𝑑𝑑𝑑

+ �
𝑅𝑅2

𝑅𝑅1
+ 1�𝐻𝐻2(𝑡𝑡) =

𝑅𝑅2

𝑅𝑅1
𝐻𝐻1(𝑡𝑡)       ,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒   𝜏𝜏2 = 𝑅𝑅2𝐴𝐴2 

L.T. 
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𝜏𝜏2𝑠𝑠𝐻𝐻2(𝑡𝑡) + �
𝑅𝑅2

𝑅𝑅1
+ 1�𝐻𝐻2(𝑠𝑠) =

𝑅𝑅2

𝑅𝑅1
𝐻𝐻1(𝑠𝑠)               (5) 

By using eq.(2a) and (5) to eliminate 𝐻𝐻1(𝑠𝑠) 

𝜏𝜏2𝑠𝑠𝐻𝐻2(𝑠𝑠) + �
𝑅𝑅2

𝑅𝑅1
+ 1�𝐻𝐻2(𝑠𝑠) =

𝑅𝑅2

𝑅𝑅1
�
𝐻𝐻2(𝑠𝑠)
𝜏𝜏1𝑠𝑠 + 1 +

𝑅𝑅1𝑄𝑄𝑖𝑖(𝑠𝑠)
𝜏𝜏1𝑠𝑠 + 1�

 

𝐺𝐺(𝑠𝑠) =
𝐻𝐻2(𝑠𝑠)
𝑄𝑄𝑖𝑖(𝑠𝑠) =  

𝑅𝑅2

(𝜏𝜏1𝑠𝑠 + 1) �𝜏𝜏2𝑠𝑠 + 𝑅𝑅2
𝑅𝑅1

+ 1 − 𝑅𝑅2
𝑅𝑅1(𝜏𝜏1𝑠𝑠 + 1)�

               (6) 

𝐺𝐺(𝑠𝑠) =
𝑅𝑅2

𝜏𝜏1𝜏𝜏2𝑠𝑠2 + (𝜏𝜏1 + 𝜏𝜏2 + 𝐴𝐴1𝑅𝑅2)𝑠𝑠 + 1 

𝐺𝐺(𝑠𝑠) =
𝑄𝑄2(𝑠𝑠)
𝑄𝑄𝑖𝑖(𝑠𝑠) =

1
𝜏𝜏1𝜏𝜏2𝑠𝑠2 + (𝜏𝜏1 + 𝜏𝜏2 + 𝐴𝐴1𝑅𝑅2)𝑠𝑠 + 1              (7) 

𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒  𝑄𝑄2(𝑠𝑠) =
𝐻𝐻2(𝑠𝑠)
𝑅𝑅2

 

𝐺𝐺(𝑠𝑠) =
𝑄𝑄2(𝑠𝑠)
𝑄𝑄𝑖𝑖(𝑠𝑠) =

1
𝜏𝜏2𝑠𝑠2 + 3𝜏𝜏𝜏𝜏 + 1                     (8) 

Assume   AR2R=AR1 

𝑄𝑄2(𝑠𝑠)
𝑄𝑄𝑖𝑖(𝑠𝑠) =

1
(0.38𝜏𝜏𝜏𝜏 + 1)(2.62𝜏𝜏𝜏𝜏 + 1) 

𝑄𝑄2(𝑠𝑠)
𝑄𝑄𝑖𝑖(𝑠𝑠) =

1
(𝜏𝜏𝑎𝑎𝑠𝑠 + 1)(𝜏𝜏𝑏𝑏𝑠𝑠 + 1)         (9) 

𝜏𝜏𝑎𝑎 = 0.38𝜏𝜏, 𝜏𝜏𝑏𝑏 = 2.62𝜏𝜏 

𝐺𝐺(𝑠𝑠) =
1

𝜏𝜏𝑎𝑎𝜏𝜏𝑏𝑏𝑠𝑠2 + (𝜏𝜏𝑎𝑎 + 𝜏𝜏𝑏𝑏)𝑠𝑠 + 1                     (8) 

𝜏𝜏𝑎𝑎 + 𝜏𝜏𝑏𝑏 = 𝜏𝜏1 + 𝜏𝜏2 + 𝐴𝐴1𝑅𝑅2 

 𝜏𝜏𝑎𝑎𝜏𝜏𝑏𝑏 = 𝜏𝜏1𝜏𝜏2     

Step change in  

𝑄𝑄𝑖𝑖(𝑡𝑡) = 𝑄𝑄𝑖𝑖  
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𝐻𝐻2(𝑡𝑡) = 𝑅𝑅2𝑄𝑄𝑖𝑖 �1 +
𝜏𝜏𝑏𝑏𝑒𝑒

− 𝑡𝑡
𝜏𝜏𝑏𝑏 − 𝜏𝜏𝑎𝑎𝑒𝑒

− 𝑡𝑡
𝜏𝜏𝑎𝑎

𝜏𝜏𝑎𝑎 − 𝜏𝜏𝑏𝑏
� 

Where    RR2=RRR1R ,AR1R=AR2R, 𝜏𝜏1 = 𝜏𝜏2 

At steady state HR1R=HR2R =RR1RQRiR=RR2RQR2 

 

 


