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UAngular frequency 

 

 

 

Fig.27 characteristics of second-order under-damped response 

From eq. of the response y(t) 

𝑦𝑦(𝑡𝑡) = 𝑎𝑎 sin𝜔𝜔𝜔𝜔 

𝜔𝜔 =
�1 − 𝜁𝜁2

𝜏𝜏     𝑎𝑎𝑎𝑎𝑎𝑎 𝜏𝜏 =
1
𝜔𝜔𝑛𝑛

      ,𝜔𝜔 = 𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2 

UCycle period T URUd 

𝑇𝑇𝑑𝑑 =
2𝜋𝜋
𝜔𝜔 =

2𝜋𝜋
𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2

  

UTime of first peak, tURUp 

The maximum value of response occur at minimum time at  t>0 and sine function =0 
.this is called the peak time. 

𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘 �1 −
𝑒𝑒
−𝜁𝜁
𝜏𝜏 𝑡𝑡

�1 − 𝜁𝜁2
�sin(

�1− 𝜁𝜁2

𝜏𝜏 𝑡𝑡 + 𝜑𝜑)�� 
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𝑦𝑦 (˴𝑡𝑡) = −𝑘𝑘𝑘𝑘
�1−𝜁𝜁2 �𝑒𝑒

−𝜁𝜁
𝜏𝜏 𝑡𝑡 cos(�1−𝜁𝜁2

𝜏𝜏
𝑡𝑡 + 𝜑𝜑). �1−𝜁𝜁2

𝜏𝜏
+ sin(�1−𝜁𝜁2

𝜏𝜏
𝑡𝑡 + 𝜑𝜑)𝑒𝑒

−𝜁𝜁
𝜏𝜏 𝑡𝑡 �−𝜁𝜁

𝜏𝜏
��  

𝑦𝑦 (˴𝑡𝑡) = −𝑘𝑘𝑘𝑘
𝜏𝜏�1−𝜁𝜁2 𝑒𝑒

−𝜁𝜁
𝜏𝜏 𝑡𝑡 sin(�1−𝜁𝜁2

𝜏𝜏
𝑡𝑡)  

𝑦𝑦 (˴𝑡𝑡) = 0 → sin(�1−𝜁𝜁2

𝜏𝜏
𝑡𝑡) = 0 → �1−𝜁𝜁2

𝜏𝜏
𝑡𝑡𝑝𝑝 = 𝑛𝑛𝑛𝑛  

The first peak at n=1 

𝑡𝑡𝑝𝑝 = 𝜋𝜋𝜋𝜋
�1−𝜁𝜁2  

UOvershoot 

It is a measure of how much the response exceeds the ultimate value following a step 
change and is expressed as the ratio a/B  

At  t=  tRpR: 

𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘 �1 − 𝑒𝑒
−𝜁𝜁
𝜏𝜏 𝑡𝑡𝑝𝑝

�1−𝜁𝜁2 �sin(�1−𝜁𝜁2

𝜏𝜏
𝑡𝑡𝑝𝑝 + 𝜑𝜑)��  

But 𝑡𝑡𝑝𝑝 = 𝜋𝜋𝜋𝜋
�1−𝜁𝜁2 

𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘

⎝

⎜
⎛

1 − 𝑒𝑒

−𝜁𝜁
𝜏𝜏

𝜋𝜋𝜋𝜋

�1−𝜁𝜁2

�1−𝜁𝜁2 �sin(�1−𝜁𝜁2

𝜏𝜏
𝜋𝜋𝜋𝜋

�1−𝜁𝜁2 + 𝜑𝜑)�

⎠

⎟
⎞

  

 𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘

⎝

⎜
⎛

1 − 𝑒𝑒

−𝜋𝜋𝜋𝜋

�1−𝜁𝜁2

�1−𝜁𝜁2
(sin(𝜋𝜋 + 𝜑𝜑))

⎠

⎟
⎞

     

 𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘

⎝

⎜
⎛

1 − 𝑒𝑒

−𝜋𝜋𝜋𝜋

�1−𝜁𝜁2

�1−𝜁𝜁2
(−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)

⎠

⎟
⎞
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𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘�1 +
𝑒𝑒

−𝜋𝜋𝜋𝜋
�1−𝜁𝜁2

�1 − 𝜁𝜁2
�1 − 𝜁𝜁2� 

𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘�1 + 𝑒𝑒
−𝜋𝜋𝜋𝜋
�1−𝜁𝜁2�    𝑚𝑚𝑚𝑚𝑚𝑚. 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 

𝑦𝑦(∞) = 𝐴𝐴𝐴𝐴 , 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑜𝑜𝑜𝑜𝑜𝑜 = 𝐴𝐴𝐴𝐴 �1 + 𝑒𝑒
−𝜋𝜋𝜋𝜋
�1−𝜁𝜁2� − 𝐴𝐴𝐴𝐴 

∴ 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑜𝑜𝑜𝑜𝑜𝑜 = 𝐴𝐴𝑘𝑘𝑘𝑘
−𝜋𝜋𝜋𝜋
�1−𝜁𝜁2  

𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜ℎ𝑜𝑜𝑜𝑜𝑜𝑜% =
𝑎𝑎
𝐵𝐵 =

𝐴𝐴𝑘𝑘 𝑒𝑒
−𝜋𝜋𝜋𝜋
�1−𝜁𝜁2

𝐴𝐴𝐴𝐴 × 100% =  𝑒𝑒
−𝜋𝜋𝜋𝜋
�1−𝜁𝜁2 × 100% 

USubsidence ratio (SR) 

𝑆𝑆𝑆𝑆 =
𝑎𝑎
𝑏𝑏 =

𝑐𝑐
𝑑𝑑 

𝑎𝑎 = 𝐴𝐴𝐴𝐴𝑒𝑒
−𝜋𝜋𝜋𝜋
�1−𝜁𝜁2  

𝑏𝑏 = 𝐴𝐴𝐴𝐴𝑒𝑒
−𝜁𝜁

�1−𝜁𝜁2
(3𝜋𝜋)

 

𝑆𝑆𝑅𝑅 =
𝑎𝑎
𝑏𝑏 = 𝑒𝑒

2𝜋𝜋𝜋𝜋
�1−𝜁𝜁2  

UDecay ratio(DR) 

𝐷𝐷𝐷𝐷 =
1
𝑆𝑆𝑆𝑆 =

𝑏𝑏
𝑎𝑎 =

𝑑𝑑
𝑐𝑐 = 𝑒𝑒

−2𝜋𝜋𝜋𝜋
�1−𝜁𝜁2  

Optimum ,DR=1/4,SR=4 ,ζ=0.215    0.2<ζ<0.5 

Optimum response at ζ=0.215    ,DR=1/4 

URise time,(tURrRU) 

This is a time required for the response to first reach at ultimate value . 
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𝑦𝑦(𝑡𝑡) = 𝑘𝑘𝑘𝑘�1 −
𝑒𝑒
−𝜁𝜁
𝜏𝜏 𝑡𝑡

�1 − 𝜁𝜁2
�sin(

�1 − 𝜁𝜁2

𝜏𝜏 𝑡𝑡 + 𝜑𝜑)�� 

 𝑎𝑎𝑎𝑎 𝑡𝑡 = 𝑡𝑡𝑟𝑟  ,𝑦𝑦(𝑡𝑡) = 𝐴𝐴𝐴𝐴 

∴  
𝑒𝑒
−𝜁𝜁
𝜏𝜏 𝑡𝑡𝑟𝑟

�1 − 𝜁𝜁2
�sin(

�1 − 𝜁𝜁2

𝜏𝜏 𝑡𝑡𝑟𝑟 + 𝜑𝜑)� = 0  

�sin(�1−𝜁𝜁2

𝜏𝜏
𝑡𝑡𝑟𝑟 + 𝜑𝜑)� = 0  

�1 − 𝜁𝜁2

𝜏𝜏 𝑡𝑡𝑟𝑟 + 𝜑𝜑 = 𝑛𝑛𝑛𝑛 

n=1 at first peak 

�1 − 𝜁𝜁2

𝜏𝜏 𝑡𝑡𝑟𝑟 = 𝜋𝜋 − 𝜑𝜑 

𝑡𝑡𝑅𝑅 =
𝜏𝜏(𝜋𝜋 − 𝜑𝜑)

�1 − 𝜁𝜁2
=

𝜏𝜏
�1 − 𝜁𝜁2

�𝜋𝜋 − tan−1 �1 − 𝜁𝜁2

𝜁𝜁 � 

 

 


