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UFrequency response analysis 

𝐺𝐺(𝑠𝑠) = 𝑦𝑦(𝑠𝑠)
𝑓𝑓(𝑠𝑠)

  

𝑓𝑓(𝑡𝑡) = 𝑎𝑎 sin𝜔𝜔𝜔𝜔 , 𝑓𝑓(𝑠𝑠) = 𝑎𝑎𝑎𝑎
𝑠𝑠2+𝜔𝜔2 

𝑦𝑦(𝑠𝑠) = 𝐺𝐺(𝑠𝑠) 𝑎𝑎𝑎𝑎
𝑠𝑠2+𝜔𝜔2  

𝐺𝐺(𝑠𝑠) = 𝐺𝐺1(𝑠𝑠).𝐺𝐺2(𝑠𝑠) … = 𝑘𝑘1
𝑠𝑠+∝1

. 𝑘𝑘2
𝑠𝑠+∝2

. 𝑘𝑘3
𝑠𝑠+∝3

⋯  

𝑦𝑦(𝑠𝑠) = 𝐺𝐺(𝑠𝑠) 𝑎𝑎𝑎𝑎
𝑠𝑠2+𝜔𝜔2 = 𝐶𝐶1𝜔𝜔+𝐶𝐶2𝑠𝑠

𝑠𝑠2+𝜔𝜔2  + 𝑘𝑘1
𝑠𝑠−∝1

+ 𝑘𝑘2
𝑠𝑠−∝2

+ ⋯    (1)  

𝐺𝐺(𝑠𝑠) .𝑎𝑎𝑎𝑎 = 𝐶𝐶1𝜔𝜔 + 𝐶𝐶2𝑠𝑠 +(𝑠𝑠2 + 𝜔𝜔2) � 𝑘𝑘1
𝑠𝑠+∝1

+ 𝑘𝑘2
𝑠𝑠+∝2

+ ⋯� 

Set s=jω   ,s P

2
P=-ωP

2
P  ,(s P

2
P+ωP

2
P)=0 

G(jω) .aω =cR1Rω+cR2Rjω 

𝐺𝐺(𝑗𝑗ω) = 𝑐𝑐1
𝑎𝑎

+ 𝑗𝑗 𝑐𝑐2
𝑎𝑎

  

𝐺𝐺(𝑗𝑗ω) = 𝑅𝑅 + 𝑗𝑗𝑗𝑗 

|𝐺𝐺| = √𝐼𝐼2 + 𝑅𝑅2 =
�𝑐𝑐1

2+𝑐𝑐2
2

𝑎𝑎
  

𝜑𝜑 = tan−1 𝑐𝑐2
𝑐𝑐1

=< 𝐺𝐺(𝑝𝑝ℎ𝑎𝑎𝑎𝑎𝑎𝑎 𝑙𝑙𝑙𝑙𝑙𝑙)  

Laplace inverse of . eq.(1) 

𝑦𝑦(𝑡𝑡) = 𝑐𝑐1sin𝜔𝜔𝜔𝜔 + 𝑐𝑐2𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘1𝑒𝑒−∝1𝑡𝑡 + 𝑘𝑘2𝑒𝑒−∝2𝑡𝑡 + ⋯ 

𝑦𝑦(𝑡𝑡) = 𝑐𝑐1sin𝜔𝜔𝜔𝜔 + 𝑐𝑐2𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐   

𝑦𝑦(𝑡𝑡) = �𝑐𝑐1
2 + 𝑐𝑐2

2 sin(𝜔𝜔𝜔𝜔 + 𝜑𝜑)   the response function 

𝑓𝑓(𝑡𝑡) = 𝑎𝑎sin𝜔𝜔𝜔𝜔   force function 

Amplitude of response =�𝑐𝑐1
2 + 𝑐𝑐2

2 

Amplitude of force =a 
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𝜑𝜑  phase lag 

|𝐺𝐺| = |𝐺𝐺1|. |𝐺𝐺2|. |𝐺𝐺3| … (𝑀𝑀𝑀𝑀 = 𝑀𝑀𝑅𝑅1.𝑀𝑀𝑅𝑅2 … ) 

< 𝐺𝐺 =< 𝐺𝐺1 + < 𝐺𝐺2 + < 𝐺𝐺3    (𝜑𝜑 = 𝜑𝜑1 + 𝜑𝜑2 + 𝜑𝜑3 + ⋯ ) 

1PU

st
UPU order lag system       

𝐺𝐺(𝑠𝑠) = 𝑘𝑘
𝜏𝜏𝜏𝜏+1

  

Set s =jω 

𝐺𝐺(𝑗𝑗𝑗𝑗) = 𝑘𝑘
𝜏𝜏𝜏𝜏𝜏𝜏 +1

  

𝐺𝐺(𝑗𝑗𝑗𝑗) = 𝑘𝑘
𝜏𝜏𝜏𝜏𝜏𝜏 +1

× 𝜏𝜏𝜏𝜏𝜏𝜏 −1
𝜏𝜏𝜏𝜏𝜏𝜏 −1

  

 𝐺𝐺(𝑗𝑗𝑗𝑗) = 𝑘𝑘
𝜏𝜏2𝜔𝜔2+1

− 𝑗𝑗 𝑘𝑘𝑘𝑘𝑘𝑘
𝜏𝜏2𝜔𝜔2+1

 

𝐺𝐺(𝑗𝑗ω) = 𝑅𝑅 + 𝑗𝑗𝑗𝑗 

|𝐺𝐺| = �𝐼𝐼2 + 𝑅𝑅2 

|𝐺𝐺| = 𝑘𝑘
√𝜏𝜏2𝜔𝜔2+1

  

𝜑𝜑 = tan−1 𝐼𝐼
𝑅𝑅

  

< 𝐺𝐺 = tan−1 −𝜔𝜔𝜏𝜏 = −tan−1𝜔𝜔𝜏𝜏 

UTime delay 

𝐺𝐺(𝑠𝑠) = 𝑘𝑘𝑒𝑒−𝜏𝜏𝐷𝐷𝑠𝑠  

𝐺𝐺(𝑗𝑗𝑗𝑗) = 𝑘𝑘𝑒𝑒−𝜏𝜏𝐷𝐷𝑗𝑗𝑗𝑗 = 𝑘𝑘(𝑐𝑐𝑐𝑐𝑐𝑐𝜏𝜏𝐷𝐷𝜔𝜔 − 𝑗𝑗 sin𝜏𝜏𝐷𝐷 𝜔𝜔) 

|𝐺𝐺| = �(𝑐𝑐𝑐𝑐𝑐𝑐𝜏𝜏𝐷𝐷𝜔𝜔)2 − (sin𝜏𝜏𝐷𝐷 𝜔𝜔)2 = 𝑘𝑘 

< 𝐺𝐺 = tan−1 − sin 𝜏𝜏𝐷𝐷 𝜔𝜔
𝑐𝑐𝑐𝑐𝑐𝑐 𝜏𝜏𝐷𝐷𝜔𝜔

= −𝜏𝜏𝐷𝐷𝜔𝜔  

 UCapacitance system 

𝐺𝐺(𝑠𝑠) = 1
𝑐𝑐𝑐𝑐
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s =jω 

𝐺𝐺(𝑗𝑗𝑗𝑗) = 1
𝑐𝑐𝑐𝑐𝑐𝑐

∙ 𝑗𝑗
𝑗𝑗

= −𝑗𝑗
𝑐𝑐𝑐𝑐

  

|𝐺𝐺| = �0 + �−1
𝑐𝑐𝑐𝑐
�

2
= 1

𝑐𝑐𝑐𝑐
  

 < 𝐺𝐺 = tan−1 0
−1
𝑐𝑐𝑐𝑐

= −𝜋𝜋
2

 

𝐺𝐺(𝑠𝑠) = 𝑘𝑘(𝜏𝜏𝜏𝜏 + 1) 

S=jω 

|𝐺𝐺| = 𝑘𝑘�𝜏𝜏2𝜔𝜔2 + 1 

< 𝐺𝐺 = tan−1𝜔𝜔t 

UComplex  Transfer function 

𝐺𝐺(𝑠𝑠) =
𝑘𝑘𝑒𝑒−𝜏𝜏𝐷𝐷𝑠𝑠

𝜏𝜏𝜏𝜏 + 1      

𝐺𝐺(𝑠𝑠) = 𝐺𝐺1(𝑠𝑠) × 𝐺𝐺2(𝑠𝑠) 

|𝐺𝐺| = 𝑘𝑘
√𝜏𝜏2𝜔𝜔2+1

  

< 𝐺𝐺 = tan−1 −𝜔𝜔𝜏𝜏 = −tan−1𝜔𝜔𝜏𝜏 

UTwo lags in series 

𝐺𝐺(𝑠𝑠) =
𝑘𝑘

(𝜏𝜏1𝑠𝑠 + 1)(𝜏𝜏2𝑠𝑠 + 1) 

S=jω 

|𝐺𝐺| =
𝑘𝑘

�𝜏𝜏1
2𝜔𝜔2 + 1�𝜏𝜏2

2𝜔𝜔2 + 1
 

< 𝐺𝐺 = −tan−1𝜔𝜔𝜏𝜏1 − tan−1𝜔𝜔𝜏𝜏2  

UEx.U Find |𝐺𝐺| and  < 𝐺𝐺for the following system: 

𝐺𝐺(𝑠𝑠) = 𝑘𝑘𝑒𝑒−𝜏𝜏𝐷𝐷𝑠𝑠

(𝜏𝜏1𝑠𝑠+1)(𝜏𝜏2𝑠𝑠+1)
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𝐺𝐺1(𝑠𝑠) = 𝑒𝑒−𝜏𝜏𝐷𝐷𝑠𝑠 ,     |𝐺𝐺1| = 1  , < 𝐺𝐺1  = −𝜏𝜏𝐷𝐷𝜔𝜔  

𝐺𝐺2(𝑠𝑠) = 𝑘𝑘
𝜏𝜏1𝑠𝑠+1

    , |𝐺𝐺2| = 
𝑘𝑘

�𝜏𝜏12𝜔𝜔2+1
     , < 𝐺𝐺2 = −tan−1𝜔𝜔𝜏𝜏1 

𝐺𝐺3(𝑠𝑠) = 𝑘𝑘
𝜏𝜏2𝑠𝑠+1

    , |𝐺𝐺3| = 
𝑘𝑘

�𝜏𝜏22𝜔𝜔2+1
     , < 𝐺𝐺3 = −tan−1𝜔𝜔𝜏𝜏2 

|𝐺𝐺| = 𝑘𝑘
�𝜏𝜏12𝜔𝜔2+1�𝜏𝜏22𝜔𝜔2+1

  

< 𝐺𝐺 = −tan−1𝜔𝜔𝜏𝜏1 − tan−1𝜔𝜔𝜏𝜏2 − 𝜏𝜏𝐷𝐷𝜔𝜔 

 

 


