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First Order Ordinary Differential Equation (ODE) 

2- Linear Equation 

If the given 1st ODE can be written as: 

𝑑𝑦

𝑑𝑥
+ 𝑝(𝑥)𝑦 = 𝑄(𝑥) 

It is called linear equation in y. 

p(x) & Q(x) are function of x only or may be constants this form called 

standard form.  

The integrating factor (I.F)  

  

And the solution is:  

 

OR 

     by integrating both sides with   

    respect to x, gives: 

 

Ex: Solve 
ௗ௬

ௗ௫
+

௬

௫
 =  𝑥ଷ 

Sol: 

𝑝(𝑥) =
1

𝑥
   𝜇(𝑥) = 𝑒∫

ଵ
௫

ௗ௫ =  𝑒୪୬ ௫ = 𝑥 

(𝑥)𝑦 = න 𝑥ଷ. 𝑥 𝑑𝑥 + 𝑐  𝑥 𝑦 =
𝑥ହ

5
+ 𝑐 ]    ÷  𝑥 

𝑦 =  
𝑥ସ

5
 +  

𝑐

𝑥
 

 

Ex: Solve(1 + 𝑥ଶ)𝑑𝑦 + ( 2𝑥 𝑦 − 4 𝑥ଶ) 𝑑𝑥 = 0 , 𝑦(0) = 1      (P.S.) 

Sol: 

(1 + 𝑥ଶ) 
ௗ௬

ௗ௫
+  2𝑥𝑦 − 4 𝑥ଶ = 0             ÷ 𝑏𝑦 (1 +  𝑥ଶ) 

𝜇(𝑥) = 𝑒∫ ௣(௫)ௗ௫ 

𝜇(𝑥). 𝑦 = න 𝑄(𝑥). 𝜇(𝑥) 𝑑𝑥 + 𝑐 

𝜇(𝑥).  𝑦 = න 𝑄(𝑥). 𝜇(𝑥) 𝑑𝑥 + 𝑐  
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ௗ௬

ௗ௫
+  

ଶ௫

ଵା ௫మ 
 𝑦 =  

ିସ௫మ 

ଵା ௫మ 
  

𝑃(𝑥) =
ଶ௫

ଵା ௫మ 
   𝜇(𝑥) = 𝑒∫

మೣ

భశೣమௗ௫
= 𝑒୪୬ ( ଵା ௫మ) = 1 +  𝑥ଶ   

(1 +  𝑥ଶ)𝑦 =  න
4 𝑥ଶ

1 + 𝑥ଶ
 . (1 + 𝑥ଶ)𝑑𝑥 + 𝑐  

(1 +  𝑥ଶ)𝑦 =
4 

3
 𝑥ଷ + 𝑐  𝑦 =  

1

1 + 𝑥ଶ 
൬

4 

3
 𝑥ଷ + 𝑐൰ 

Substitute the initial condition: 𝑥 = 0, 𝑦 = 1 

(1 + 0). 1 = ൬
4 

3
. 0 + 𝑐൰ 𝑐 = 1 

The complete solution is: 

𝑦 =  
1

1 +  𝑥ଶ 
൬

4 

3
 𝑥ଷ + 1൰ 

r 

Ex: Solve the following D.E. 

𝑑𝑦

𝑑𝑥
+ 3 𝑦 cos 𝑥 = cos 𝑥  

Sol: 

p(x)= 3 cos x     , Q(x) =cos x 

𝜇(𝑥) = න 𝑒ଷ ୡ୭ୱ ௫ ௗ௫  = 𝑒ଷ ୱ୧୬ ௫  

𝜇(𝑥). 𝑦 = ∫ 𝑒ଷ ୱ୧୬ ௫  cos 𝑥 𝑑𝑥 + 𝑐     

𝑒ଷ ୱ୧ . 𝑦 = ∫ 𝑒ଷ ୱ୧୬ ௫  cos 𝑥 𝑑𝑥 + 𝑐     ÷  𝑒ଷ ୱ୧୬ ௫ 

𝑦 =  
1

𝑒ଷ ୱ୧୬ ௫ ൤−
1

 3
 𝑒ଷ ୱ୧୬ ௫ + 𝑐 ൨ 

= −
ଵ

ଷ
 +

௖

௘య ౩౟౤ ೣ  
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Sometime the given 1st ODE can be written as: 

𝒅𝒙

𝒅𝒚
+ 𝒑(𝒚) 𝒙 = 𝑸(𝒚) 

 

Then 

𝝁(𝒚) = 𝒆∫ 𝒑(𝒚)𝒅𝒚 

 

And the solution is: 

 

 

 

Ex: Solve (1 +  𝑦ଶ) + ൫ 𝑥 − 𝑒௧௔௡షభ௬൯ 
ௗ௬

ௗ௫
= 0      

Sol: 

(1 +  𝑦ଶ) + ൫ 𝑥 − 𝑒௧௔௡షభ௬൯ 
𝑑𝑦

𝑑𝑥
= 0         ∗

𝑑𝑥

𝑑𝑦
 

 (1 +  𝑦ଶ)
ௗ௫

ௗ௬
 + 𝑥 = 𝑒௧௔௡షభ௬              ÷   (1 +  𝑦ଶ) 

𝑑𝑥

𝑑𝑦
+  

1

1 + 𝑦ଶ
 𝑥 =

1

1 + 𝑦ଶ
 𝑒௧௔௡షభ௬ 

𝑝(𝑦) =
ଵ

ଵା௬మ    , Q(y)= 
ଵ

ଵା௬మ  𝑒௧௔௡షభ௬ 

  𝜇(𝑦) = 𝑒
∫

ଵ
ଵା௬మ ௗ௬

= 𝑒௧௔௡షభ௬ 

𝑒௧௔௡షభ௬ . 𝑥 =  න
1

1 + 𝑦ଶ
 𝑒௧௔௡షభ௬ . 𝑒௧௔௡షభ௬ 𝑑𝑦 + 𝑐  

𝑒௧௔௡షభ௬ . 𝑥 = න
1

1 + 𝑦ଶ
 𝑒ଶ௧௔௡షభ௬𝑑𝑦 + 𝑐 

𝝁(𝒚). 𝒙 = න 𝑸(𝒚). 𝝁(𝒚) 𝒅𝒚 + 𝒄 
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𝑒௧௔௡షభ௬. 𝑥 =
1

2
 𝑒ଶ௧௔௡షభ௬ + 𝑐      ÷   𝑒௧௔௡షభ௬   

𝑥 =
1

2
 
𝑒ଶ௧௔ షభ௬

𝑒௧௔௡షభ௬
+

𝑐

𝑒௧௔௡షభ௬
   

𝑥 =
1

2
 𝑒௧௔௡షభ௬ +  𝑐 𝑒ି௧௔௡షభ௬ 

 

Equation Reduction to Linear equation  

1. Bernoulli’s Eq. (non-linear D.E) which has the following general form: 

𝒅𝒚

𝒅𝒙
+ 𝒑(𝒙). 𝒚 = 𝑸(𝒙). 𝒚𝒏 … … … … . .∗     𝒏 ≠ 𝟏  , 𝒏 ≠ 𝟎 

 

this eq. has to be transformed to linear eq. by changing the dependent 

variable y according to: 

 let 𝑧 =  𝑦ଵି௡  
ௗ௭

ௗ௫
= (1 − 𝑛)𝑦ି௡  

ௗ௬

ௗ௫
       ÷ (1 − 𝑛)𝑦ି௡ 

ௗ௬

ௗ௫

ଵ

ଵି௡

ଵ

𝑦−𝑛

 ௗ௭

ௗ௫
   

1

1 − 𝑛
 𝑦௡ 

𝑑𝑧

𝑑𝑥
 + 𝑝(𝑥). 𝑦 = 𝑄(𝑥) 𝑦௡             ∗    (1 − 𝑛)   

𝑑𝑧

𝑑𝑥
 𝑦𝑛  +  (1 − 𝑛)𝑝(𝑥). 𝑦 =   𝑦𝑛  (1 − 𝑛) 𝑄(𝑥)        ÷  𝑦𝑛   

𝑑𝑧

𝑑𝑥
+  (1 − 𝑛)𝑝(𝑥) 𝑦ଵି௡ =   (1 − 𝑛) 𝑄(𝑥)   

𝑑𝑧

𝑑𝑥
+  (1 − 𝑛) 𝑝(𝑥) . 𝑧 =   (1 − 𝑛) 𝑄(𝑥)         𝑛 ≠ 1    

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑣𝑎𝑟. 𝑧 
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Ex: Solve (1 + 𝑥ଶ) 𝑦ᇱ = 𝑥𝑦 − 𝑦ଶ      

Sol: 

(1 +  𝑥ଶ)
ௗ௬

ௗ௫
− 𝑥𝑦 = −𝑦ଶ         *

ଵ

  ଵା௫మ 

𝑑𝑦

𝑑𝑥
 −

𝑥

1 + 𝑥ଶ
 𝑦 =

−1

1 + 𝑥ଶ
𝑦ଶ        

⸫ 𝑝(𝑥) =  
ି௫

ଵା௫మ     ,    𝑄(𝑥) =
ିଵ

ଵା௫మ     

𝑛 = 2    𝑙𝑒𝑡 𝑧 = 𝑦ଵି௡ 

⸫  𝑧 =  𝑦ଵିଶ = 𝑦ିଵ =   
ଵ

௬
 

G.F is     
ௗ௭

ௗ௫
+  (1 − 𝑛) 𝑝(𝑥) . 𝑧 =   (1 − 𝑛) 𝑄(𝑥)         𝑛 ≠ 1    

ௗ௭

ௗ௫

ି௫

ଵା௫మ

ିଵ

ଵା௫మ    

ௗ௭

ௗ௫

௫

ଵା௫మ

ଵ

ଵା௫మ            This eq. is linear 

⸫ 𝜇(𝑥) = 𝑒∫
ೣ

భశೣమ ௗ௫
=  𝑒

భ

మ
୪୬൫ଵା௫మ൯ = (1 + 𝑥ଶ)

భ

మ = √1 + 𝑥ଶ 

√1 + 𝑥ଶ . 𝑧 = ∫ √1 + 𝑥ଶ.
ିଵ

ଵା௫మ  𝑑𝑥 + 𝑐  

  1 + 𝑥ଶ = √1 + 𝑥ଶ . √1 + 𝑥ଶ 

ඥ1 + 𝑥ଶ . 𝑧 = න  
−1

√1 + 𝑥2
 𝑑𝑥 + 𝑐 

ඥ1 + 𝑥ଶ . 𝑧 = −𝑠𝑖𝑛ℎିଵ𝑥 + 𝑐       ∗
1

√1 + 𝑥ଶ
 

ଵ

௬
=  

ଵ

√ଵା௫మ
 (−𝑠𝑖𝑛ℎିଵ𝑥 + 𝑐) 
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 Special Case of First-Order Linear D.E. 

𝒇′(𝒚)
𝒅𝒚

𝒅𝒙
+ 𝒑(𝒙)𝒇(𝒚) = 𝑸(𝒙) 

Let z = f(y)  
ௗ௭

ௗ௫
= 𝑓ᇱ(𝑦)

ௗ௬

ௗ௫
 

Ex: Solve the following D.E  ൫ 𝑠𝑒𝑐2𝑦൯
𝑑𝑦

𝑑𝑥
+ 2𝑥 tan 𝑦 = 𝑥3      

Sol: 

Let   𝑧 = tan 𝑦 
ௗ௭

ௗ௫
= 𝑠𝑒𝑐ଶ𝑦

ௗ௬

ௗ௫
  

𝑑𝑧

𝑑𝑥
+ 2𝑥 . 𝑧 = 𝑥ଷ      𝑙𝑖𝑛𝑒𝑎𝑟 𝑒𝑞. 

p(x)= 2𝑥     Q(x)= 𝑥ଷ 

   𝜇(𝑥) = 𝑒ଶ ∫ ௫ ௗ௫ = 𝑒௫మ  

𝜇(𝑥). 𝑧 = න 𝑄(𝑥). 𝜇(𝑥) 𝑑𝑥 

 𝑒௫మ . 𝑧 = න 𝑥ଷ 𝑒௫మ  𝑑𝑥 + 𝑐    

    𝑒௫మ . 𝑧 =  
1

2
 ൣ𝑥ଶ 𝑒௫మ − 𝑒௫మ ൧ + 𝑐       ÷ 𝑒௫మ  

𝑧 =  
1

2
 [𝑥ଶ  − 1] +

𝑐

𝑒௫మ 
        

∵   Z= tan 𝑦 

∴     tan 𝑦 = 
ଵ

ଶ
 [𝑥ଶ − 1] + 𝑐 𝑒ି௫మ  
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2. Exact Equation  

A first -order ODE of the form: 

Is called exact if the following condition is satisfied: 

Then, the solution is:  

න 𝑀 (𝑥, 𝑦)𝑑𝑥 + න 𝑜𝑛𝑙𝑦 𝑡𝑒𝑟𝑚𝑠 𝑓𝑟𝑒𝑒 𝑜𝑓 𝑥 𝑖𝑛 𝑁(𝑥, 𝑦)𝑑𝑦 = 𝑐     

EX: Solve 
ௗ௬

ௗ௫

ଵା௘
ೣ
೤

௘
ೣ
೤ቀଵି

ೣ

೤
ቁ

 

Sol: 

𝑒
௫
௬  ൬1 −

𝑥

𝑦
൰ 𝑑𝑦 = − ൬1 + 𝑒

௫
௬൰ 𝑑𝑥 

൬1 + 𝑒
௫
௬൰ 𝑑𝑥 + 𝑒

௫
௬  ൬1 −

𝑥

𝑦
൰ 𝑑𝑦 = 0 

⎩
⎪
⎨

⎪
⎧ 𝑀 (𝑥, 𝑦) = 1 + 𝑒

௫
௬  

𝜕𝑀

𝜕𝑦
= 𝑒

௫
௬ ൬− 

𝑥

𝑦

ଶ

൰

 𝑁(𝑥, 𝑦) = 𝑒
௫
௬(1 −

𝑥

𝑦
)  

𝜕𝑁

𝜕𝑥
= 𝑒

௫
௬ ൬− 

𝑥

𝑦ଶ
൰

⎭
⎪
⎬

⎪
⎫

 
𝜕𝑀

𝜕𝑦
=   

𝜕𝑁

𝜕𝑥
  

The ODE is exact, and the solution is: 

න 𝑀 (𝑥, 𝑦)𝑑𝑥 + න 𝑜𝑛𝑙𝑦 𝑡𝑒𝑟𝑚𝑠 𝑓𝑟𝑒𝑒 𝑜𝑓 𝑥 𝑖𝑛 𝑁(𝑥, 𝑦)𝑑𝑦 = 𝑐  

න ൬1 + 𝑒
௫
௬൰ 𝑑𝑥 = 𝑐  [ 𝑛𝑜 𝑡𝑒𝑟𝑚 𝑖𝑛 𝑁 (𝑥, 𝑦)𝑖𝑠 𝑓𝑟𝑒𝑒 𝑜𝑓 𝑥] 

∴ 𝑥 + 𝑦 𝑒
ೣ

೤ = 𝑐 

     𝑀 (𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 

𝝏𝑴

𝝏𝒚
=

𝝏𝑵

𝝏𝒙
     𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒆𝒙𝒂𝒄𝒕𝒏𝒆𝒔𝒔 
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Ex: Solve (𝑥 + 𝑦ଶ) 𝑥 𝑑𝑥 + (𝑥ଶ + 𝑦)𝑦 𝑑𝑦 = 0   

Sol: 

൞
 𝑀(𝑥, 𝑦) = 𝑥ଶ + 𝑥𝑦ଶ  

𝜕𝑀

𝜕𝑦
= 2𝑥𝑦

𝑁(𝑥, 𝑦) = 𝑦𝑥ଶ + 𝑦ଶ  
𝜕𝑁

𝜕𝑥
= 2𝑥𝑦

ൢ   𝑡ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 

The ODE is exact, and the solution is: 

න൫𝑥2 + 𝑥𝑦2൯𝑑𝑥 + න 𝑦2𝑑𝑦 = 𝑐 

𝑥ଷ

3
+

𝑥2𝑦2

2
+

𝑦ଷ

3
= 𝑐  𝑜𝑟 2𝑥ଷ + 3𝑥2 𝑦 + 2𝑦ଷ = 6𝑐  

 

Equation Reducible to Exact   

If the given ODE is not an exact equation this means that:  

 

𝝏𝑴

𝝏𝒚
≠

𝝏𝑵

𝝏𝒙
 

 

Note: If either N or M in the D.E. contains (sin, cos, tan, tanh, sinh,….., 

log, ln, e  ( it may be means that this D.E. is not exact 

It is possible to convert the given ODE to an exact equation by 

multiplying it by a factor called the integrating factor (function of x 

and/or y). 

 If  
1

𝑁
 ቀ

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
ቁ = 𝑔(𝑥)µ(𝑦) = 𝑒∫ ௚(௫)ௗ௫ 

 If  
1

𝑀
 ቀ

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
ቁ = ℎ(𝑦)µ(𝑦) = 𝑒ି ∫ ௛(௬)ௗ௬ 

 If M=y f(xy) and N= x g(xy)  µ(x, y) =
1

xM−yN
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Ex: Solve ൬𝑥 𝑦ଶ − 𝑒 
భ

ೣయ  ൰ 𝑑𝑥 − 𝑥ଶ𝑦𝑑𝑦 = 0  

Sol: 

⎩
⎨

⎧𝑀 =  𝑥 𝑦ଶ − 𝑒 
ଵ

௫య
𝜕𝑀

𝜕𝑦
= 2𝑥𝑦

𝑁 = −  𝑥ଶ𝑦
𝜕𝑁

𝜕𝑥
= −2𝑥𝑦

⎭
⎬

⎫ 𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥
 

1

𝑁
 ൬

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
൰ =

1

−𝑥ଶ𝑦
൫2𝑥𝑦 − (−2𝑥𝑦)൯ =

−4

𝑥
= 𝑔(𝑥) 

∵ µ(𝑥) = 𝑒∫ 𝑔(𝑥)ௗ௫ 

∴ µ(𝑥) = 𝑒∫
ିସ
௫

ௗ௫ = 𝑒ିସ௟௡ ௫ = 𝑒௟௡ ௫షర = 𝑥ିସ =
1

𝑥ସ
 

𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑒𝑞.∗  
ଵ

௫ర  

1

𝑥ସ
൬𝑥 𝑦ଶ − 𝑒 

ଵ
௫య൰ 𝑑𝑥 −

1

𝑥ସ
 𝑥ଶ𝑦 𝑑𝑦 = 0 

𝑥 𝑦ଶ

𝑥ସ
𝑑𝑥 −

1

𝑥ସ
𝑒 

ଵ
௫య𝑑𝑥 −

1

𝑥ସ
 𝑥ଶ𝑦 𝑑𝑦 = 0 

⎩
⎨

⎧𝑀∗ =
𝑦ଶ

𝑥ଷ
−

1

𝑥ସ
 𝑒 

ଵ
௫య

𝜕𝑀∗

𝜕𝑦
=

2𝑦

𝑥ଷ

𝑁∗ =
𝑦

𝑥ଶ


𝜕𝑁∗

𝜕𝑥
= −

−2𝑦

𝑥ଷ
=

2𝑦

𝑥ଷ ⎭
⎬

⎫ 𝜕𝑀∗

𝜕𝑦
=

𝜕𝑁∗

𝜕𝑥
  𝑒𝑥𝑎𝑐𝑡  

∴ න 𝑀∗(𝑥, 𝑦)𝑑𝑥 +  න൫𝑡𝑒𝑟𝑚𝑠 𝑓𝑟𝑒𝑒 𝑜𝑓 𝑥 𝑖𝑛 𝑁∗(𝑥, 𝑦)൯𝑑𝑦 = 𝑐 

න ቆ
𝑦ଶ

𝑥ଷ
−

1

𝑥ସ
 𝑒 

ଵ
௫యቇ 𝑑𝑥 =  𝑐 

   
 

− 
𝑦ଶ𝑥ିଶ

2
+  

1

3
𝑒 

ଵ
௫య = 𝑐 −  

𝑦ଶ𝑥ିଶ

2𝑥ଶ
+  

1

3
𝑒 

ଵ
௫య = 𝑐 
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Ex: Solve (x yଷ + y )dx + 2(xଶyଶ + x + yସ)dy = 0  

Sol: 

⎩
⎨

⎧ M = x yଷ + y 
∂M

∂y
= 3x yଶ + 1

N = 2(xଶyଶ + x + yସ)
∂N

∂x
= 4x yଶ + 2

⎭
⎬

⎫ ∂M

∂y
≠

∂N

∂x
 

1

M
 ൬

∂M

∂y
−

∂N

∂x
൰ =

3x yଶ + 1 − 4x yଶ − 2

x yଷ + y
 

−(x yଶ + 1)

y(x yଶ + 1)
=

−1

y
= h(y) 

∴ µ(𝑦) = 𝑒
− ∫

−1
𝑦

𝑑𝑦
= 𝑒𝑙𝑛𝑦 = 𝑦 

𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑒𝑞.∗  𝑦 

∴ y ( x y3 + y)dx + 2y (x2y2 + x + y4)dy = 0 

 ( x yସ + yଶ)dx +  (2xଶyଷ + 2xy + 2yହ)dy = 0 

⎩
⎨

⎧
  

M∗ = x yସ + yଶ 
∂M∗

∂y
= 4x yଷ + 2y

N∗ = 2xଶyଷ + 2x y + 2yହ
∂N∗

∂x
= 4x yଷ + 2y

⎭
⎬

⎫ ∂M∗

∂y
=

∂N∗

∂x
  exact 

න(x yସ + yଶ)dx + න 2yହdy = c 

xଶyସ

2
+ xyଶ +

1

3
y଺ = c 

Ex: Solve൫x y2sin x y + y cos x y ൯dx + ൫x2 y sin x y − x cos x y൯dy = 0  

Sol: 

డெ

డ௬
≠

డே

డ௫
 

M = y(x y sin 𝑥𝑦 + cos 𝑥𝑦) = 𝑦𝑓 (𝑥𝑦)  

N = x (x y sin 𝑥𝑦 − cos 𝑥𝑦) = 𝑥 𝑔 (𝑥 𝑦)  
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µ(𝑥, 𝑦) =
1

𝑥 𝑀 − 𝑦 𝑁
 

=
1

x y(x y sin 𝑥𝑦 + cos 𝑥𝑦) − 𝑦x (x y sin 𝑥 𝑦 − cos 𝑥 𝑦) 
 

=
1

𝑥ଶ𝑦ଶ𝑠𝑖𝑛𝑥 𝑦 + 𝑥𝑦 𝑐𝑜𝑠 𝑥 𝑦 − 𝑥ଶ𝑦ଶ𝑠𝑖𝑛𝑥 𝑦 + 𝑥𝑦 𝑐𝑜𝑠 𝑥 𝑦
 

=
1

2 𝑥𝑦 𝑐𝑜𝑠 𝑥𝑦 
 

𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑒𝑞.∗  
1

2 𝑥𝑦 𝑐𝑜𝑠 𝑥𝑦 
 

⸫  
௫ ௬మ௦௜௡௫௬ା௬௖௢௦௫௬

ଶ ௫௬ ௖௢௦ ௫௬ 

௫మ௬௦௜௡௫௬ି௫௖௢௦௫

ଶ ௫௬ ௖௢௦ ௫௬ 

𝑥 𝑦ଶ𝑠𝑖𝑛𝑥𝑦

2 𝑥𝑦 𝑐𝑜𝑠 𝑥𝑦 
𝑑𝑥 +

𝑦𝑐𝑜𝑠𝑥𝑦

2 𝑥𝑦 𝑐𝑜𝑠 𝑥𝑦 
𝑑𝑥 +

𝑥ଶ𝑦𝑠𝑖𝑛𝑥𝑦

2 𝑥𝑦 𝑐𝑜𝑠 𝑥𝑦 
𝑑𝑦 −

𝑥𝑐𝑜𝑠𝑥𝑦

2 𝑥𝑦 𝑐𝑜𝑠 𝑥𝑦 
 𝑑𝑦 

(
𝑦 

2
𝑡𝑎𝑛 𝑥𝑦 +

1

2𝑥 
) 𝑑𝑥 + (

𝑥 

2
𝑡𝑎𝑛 𝑥𝑦 −

1

2𝑦 
) 𝑑𝑦 

𝑀∗ =
𝑦 

2
𝑡𝑎𝑛 𝑥𝑦 +

1

2𝑥 
  

𝜕𝑀∗

𝜕𝑦
=

1 

2
𝑡𝑎𝑛 𝑥𝑦 +

𝑥𝑦

2 
 𝑠𝑒𝑐ଶ 𝑥𝑦 

N∗ =
x 

2
tan xy −

1

2y 
  

𝜕𝑁

𝜕𝑥
=

1 

2
𝑡𝑎𝑛 𝑥𝑦 +

𝑥𝑦

2 
 𝑠𝑒𝑐ଶ 𝑥𝑦 

⸫
ப୑∗

ப୷

ப୒∗

ப୶

⸫ 
୷ 

ଶ

ଵ

ଶ୶ 

ଵ

ଶ୷ 
 

− 
1 

2
𝑙𝑛 | 𝑐𝑜𝑠 𝑥𝑦| +

1 

2
 𝑙𝑛 𝑥 −

1 

2
𝑙𝑛 𝑦 = 𝑐 ∗ (−2) 

ln | cos xy| − ln x + ln y = ln k   , ln k =  −2c  

ln
y cos xy 

x
= ln k    

y cos xy 

x
= k 
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Tutorial Sheet 

1- Linear Equation  

- (1 +  𝑥ଷ)𝑦ᇱ + 3 𝑥ଶ =  𝑠𝑖𝑛ଶ𝑥  

-  x cos x. 𝑦ᇱ + 𝑦(𝑥 sin 𝑥 + cos 𝑥 ) = 1  

- 
ௗ௬

ௗ௫
+  

௬

ඥ௫(ଵି௫)
= 1 − √𝑥  

- 2𝑦 𝑦ᇱ +
ଵ

௫
𝑦ଶ =  𝑥ଷ 

2 − 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖ᇱ𝑠 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

- 𝑦ᇱ = 4𝑥𝑦 + 16 𝑥 𝑦ଶ 𝑒ଷ௫మ
 

- 𝑥ଷ𝑦ଶ + 𝑥𝑦) 𝑑𝑥 = 𝑑𝑦  

- 𝑦ᇱ + 𝑦 =  𝑦
మ

య 

- 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖ᇱ𝑠 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ℎ𝑎𝑠 𝑎𝑙𝑠𝑜 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚  

- 
ௗ௫

ௗ௬
+ 𝑝(𝑦). 𝑥 = 𝑄(𝑦). 𝑥௡          𝑛 ≠ 1 

Prove that if we put  

𝑧 = 𝑥ଵି௡, 𝑡ℎ𝑒 𝑒𝑞. 𝑐𝑎𝑛 𝑏𝑒 𝑟𝑒𝑑𝑢𝑐𝑒𝑑 𝑡𝑜 𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑜𝑟𝑚 ∶ 

𝑑𝑧

𝑑𝑦
+ (1 − 𝑛) 𝑝(𝑦). 𝑧 = (1 − 𝑛)𝑄(𝑦) 

 

2- Exact Equation 

- (𝑥ଶ +  𝑦ଶ)(𝑥 𝑑𝑥 + 𝑦 𝑑𝑦) = (𝑥𝑑𝑦 − 𝑦 𝑑𝑥) 

- 𝑦ଷ sin 2𝑥 𝑑𝑥 − 3 𝑦ଶ cos 2𝑥 𝑑𝑦 = 0  

- 𝑦 𝑑𝑥 − 𝑥 𝑑𝑦 + 3 𝑥ଶ𝑦ଶ𝑒௫య
𝑑𝑥 = 0 

- (𝑥 𝑦ଶ + 2 𝑥ଶ𝑦ଷ)𝑑𝑥 + (𝑥ଶ 𝑦 − 𝑥ଷ𝑦ଶ)𝑑𝑦 = 0 

 

 


