Mathll Lecture TWO: Differential Equation Asst. Lec. Hiba M. Atta

First Order Ordinary Differential Equation (ODE)

2- Linear Equation

If the given 15 ODE can be written as:

dy _
= +p(®y = Q@)

It is called linear equation in y.

p(x) & Q(x) are function of x only or may be constants this form called

standard form.

The integrating factor (I.F) u(x) =e [p(x)dx

And the solution is:

M@)y=f0&)M@dx+c

OR

by integrating both sides with
kG- y = [ QGG dx +c

respect to X, gives:

d

Ex: Solve—y + Y = x3
dx X

Sol:

1 1
p(x) — ; = /i(x) — ef}dx — elnx = x

5
x
(x)yzjx3.xdx+c '—‘,>xy=?+c] + x

=1l a

Y =5

Ex: Solve(1 + x®)dy + (2xy —4x?)dx =0,y(0) =1 (P.S)
Sol:

(1+x2)%+ 2xy —4x%2=0 = by (1+ x?)
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dy 2x —4x?

dx 1+ x2 Y= 14+ x2

2x
P(x) = 1522 2 u(x) = e = I (1425 = 1 4 x2
2 4 x* 3/ 42
1+ x*)y = .[1'1._)(2 (1 # x%)dx +c
(1+ x?) 43+:> 1(43+)
X = — X C = — X Cc
Y =3 YT T¥ %2 \3
Substitute the initial condition: x = 0,y =1
4

(1+0).1= (§.0+c)'—7>c= 1
The complete solution is:

_ 1 (4 34 1)
YT 1T 2 \3 7
r
Ex: Solve the following D.E.
_y+ 3yCcosx = cosx
dx Y
Sol:
p(x)=3cosx ,Q(X)=cosx
,u(x) — 163cosxdx — e3sinx
wx).y = [e35m% cosxdx +c
e3si Ly = feSSinx cosxdx +c¢ -+ e3sinx

_ 1 _l e3sinx +c
Yy = e3sinx 3
_ 1 c
- _5 e3sinx
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Sometime the given 1 ODE can be written as:

dx _
dy +p(¥) x=Q()

Then

u(y) = ef p(y)dy

And the solution is:

n(). x = f Q). n(y) dy +

Ex: Solve (1 + yz) + (X — etan‘ly) Z—i} =0

Sol:
dy dx
1 2 _ tan y =0 -
A+ y)+ (x ) dx * dy
(1+ yz)Z—; +x = etan™'y = 1+ y?»
dx 1 1 ran-1
etan™"y

R _|_ =

dy 1+ y2 x 1+ y?
_ 1 tan~ly

QY e

p(y) =

1+y?2
dy -
> u(y) = T Y = gtan”ty

_ 1 _ _
etan 1y_x — '[?:yz etan 1_’)/ .etan 1y dy + c

ptan™'y 5 — j - -:yz eZtan_lydy_l_C
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etan‘ly_x :l eZtan‘ly +c - etan‘ly
2
-1
1 eZta y C
X = E etan~1ly etan~ly

Equation Reduction to Linear equation

1. Bernoulli’s Eq. (non-linear D.E) which has the following general form:

d
APV = Q)Y ek mFEL M EO

this eq. has to be transformed to linear eq. by changing the dependent

variable y according to:

letz= y'™= % =1 -n)y™ % ~(1-n)y™

dy 1 1 dz
dx  1-n y " dx

sub.in eq. ()

1 . az B n ,
TV g TPy =0y * (1—n)
d
=Y+ A-mp().y= Y A-mQE  + Y
dz in
—+ (1=mp) Y™ = (1-m) QW)

%+ 1-n)pkx).z= (1—n)Q(x) n+1

which is linear equation with dependent var. z

11
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Ex: Solve (1 + x2)y' = xy — y?

Sol:
Ny 2 x 1
A+ x) =2y ="y 1+x2
dy X 1
dx 1+x2y_1+x2y
p(x) - 1+x2 ! Q( ) - 1+x2

n=2 = letz=y™

- — 1
..CZ=y12=y1=;

G.Fis %+ 1-—n)px).z= (1—n)Q(x) n+1

__|_(1_

1+x2

dz X 1 . . 1.
— Z = This eq. is linear
dx 1+x? 1+x?

u(x) = el ¥ = gam(1?) =(1+ xz)z =1+ x?2
\/1+x2.z=f\/1+x2.1;x2

14+ x2=+v1+x2.J1+ x2

-1
\/1+x2.z= dx + ¢
V1 + x?
_ 1
J1+x?2.z=—-sinh x+¢ *

V1 + x?

1

= \/;7 (—sinh™1x + ¢)

12
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e Special Case of First-Order Linear D.E.

o4y .
f 7 +p@fB) = Q@)

d . <d
taz =f(y)=> —=f'0)L

Ex: Solve the following D.E ( sec?y) % +2xtany = x3
Sol:

dz dy
Let z=tany . = secty—

dZ+2 3o
7 X.Z=X inear eq.

p)=2x Qx)=x°

w(x) = e2fxdx — px

u(x).z = j Q). u(x) dx

2

2

= eX .z=jx3e"2 dx + ¢

X

1
‘. 2—e"2]+c ~ e
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2. Exact Equation
A first -order ODE of the form:

M (x,y)dx + N(x,y)dy =0

Is called exact if the following condition is satisfied:

aM _ 0N it .
ay = ax conaition fOT exaciness

Then, the solution is:

fM (x,y)dx + ] only terms free of x in N(x,y)dy = c

X
dy 1+e¥
EX: Solvea = — =
y(1_%
(1)
Sol:

X X X
ey (1—;)dy=—(1+e3’)dx

X X X
(1+e3’)dx+ey (1—;)dy=0

IfM ) £;> oM x x2 \I

= y —_ = Y| - —
| N(x,y) = ey(l ——):> N _ e (— i)' oy 0x
\ Y) = ox y?/ )

The ODE is exact, and the solution is:

JM (x,y)dx + J only terms free of x in N(x,y)dy = c

X
j (1 + ey) dx =c [notermin N (x,y)is free of x]

‘<I>€

“xtye
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Ex: Solve (x + y?) xdx + (x> +y)ydy =0
Sol:

oM

M(x,y) = x*> + xy? = = 2xy
y
ON

N(x,y) =yx? +y? = = 2xy
X

the condition is satisfied

The ODE is exact, and the solution is:
J(xz + xy?)dx + J y?dy =c

3
Yy _ 3 2 3 _
3 > +3—cor2x + 3x“y+ 2y° = 6c

Equation Reducible to Exact

If the given ODE is not an exact equation this means that:

oM . ON
Jdy Odx

Note: If either N or M in the D.E. contains (sin, cos, tan, tanh, sinh,.....
log, In, e (it may be means that this D.E. is not exact
It is possible to convert the given ODE to an exact equation by

multiplying it by a factor called the integrating factor (function of x

and/or y).

. If (Z—Iyw - Z—Z) = g(X) Pu(y) = el 9%

o 15 (55— 55) = h)=n() = e [ho

o If M=y f(xy) and N=x g(xy) @ p(x,y) = XMin
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1

Ex: Solve (x y? —ex® ) dx — x*ydy = 0

Sol:
e P
| N=- xzywa—N=—2xy ) % Kz
dx
1(@!_Qﬂ>= . (2xy = (-2xy)) = — = g(x)
N \dy 0x —x2y X

u(x) — efg(x)dx

—4 _ 1
au(x) = efydx — p4nx — plnx™* — -4 — —
X
1
general eq.* =
1 1
F(xyz—ex3 dx —— x*ydy =0
x y? 1 2 1,
Fdx—;ex dx—nydyzo
(. y> 1 1 oM* 2y
i = exact
v Yo ONT 2y 2yr 0y 0x
k x2 9x x3 x3
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Ex: Solve (xy3 + y)dx + 2(x%y? + x + y*)dy = 0
Sol:

( e y3 oM _ . 2 )
M=xy +y':>ay—3xy +1 oM oN

tN=2(x22+ 4 a—Nz 2
y x+y)':>aX 4xy +2}

1 <6M ON) _3xy*+1-—4xy? -2

M \dy ox Xxy3+y
—(xy?+1) -1
> =— = h(y)
yxy*+1) vy
f__ldy Iny

S u(y):e_ y = e =y

general eq.x y
Sy (xy? +y)dx + 2y (X%y? +x+ yt)dy = 0
(xy* +y?)dx + (2x%y3 + 2xy + 2y°)dy = 0

*

( et 2 M s )
M =xy*+y I:>ay—4xy + 2y oM*  ON*

ON* 0 0x
| N" = 2x2y3 +2xy+2y5'=>E= 4x y3 + 2y Y

j(x y* +y2)dx + j 2y°dy = ¢

2,4
X2y + xy? +§y6 =c
Ex: Solve(x y2sinxy +y cos xy )dx + (x? y sinxy —x cos xy)dy = 0
Sol:
oM _, ON
ady dx

M =y(xysinxy + cosxy) = yf (xy)
N=x(xysinxy —cosxy)=xg (xy)
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1
X,y) =————
nex,y) = —— N
_ 1
- xy(xysinxy + cosxy) — yx (Xysinx y — cosx y)
1
~ x2y2sinx y 4+ xycosx y — x2y2sinx y + xy cos x y
1
~ 2xycosxy
1
general eq.*
2 Xy COS Xy
2 2., ci
X y°sinxy+ycosx Xysinxy—xcosx
. Xyisinxytycosxy , .- x7ysinxy dy = 0
2 Xy cos xy 2 Xy cos xy
x y2sinx coSX x2ysinx XCOSX
2 xy cos xy 2 xy cos xy 2 Xy cos xy 2 xy cos xy

Y ¢ v ar s At Lya
G tanxy +50) dx + G tanxy —5-) dy

M*=1tanxy+ . ﬁaM*:l—tanxy+ﬂsecz Xy
2 2x dy 2 2
, X 1 oN 1 Xy 5
N =Etanxy—g ¢a=7tanxy+2— sec” xy
_OM* _ ON~*
Ty = % exact

f(%tanxy+%) dx+f—% dy =c

1l +1 ! 1l = 2

—_ J— —_ e * (—

> n|cosxy| s Imx——ny=c (-2)
In|cosxy|—Inx+Iny =Ink ,Ink= —2c¢

COS X
nk = u=k
X X

yCcosxy
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Tutorial Sheet

1- Linear Equation

- (14 x3)y’ +3x? = sin’x

- xcosx.y +y(xsinx+cosx) =1

v Y 11—
T dx + Jx(1—x) =1 \/;

- 2yy H+-yi=x

3

2 — Bernoulli's Equation
-y =4xy + 16 x y2 3
- x3y?+xy)dx =dy

2
- Yty =y3

- Bernoulli's Equation has also the form
dx
- E+p(y).x=Q(y).x" n+1l

Prove that if we put
z = x'™", the eq.can be reduced to linear form :
dz

ot 1-n)py).z =10 -n)QW)

2- Exact Equation
- (x4 y)(xdx +ydy) = (xdy —y dx)

- y3sin2xdx —3y2%cos2xdy =0
- ydx—xdy+3x%y%eXdx =0
- (xy?+2x%yDdx+ (x2y—x3y3)dy =0
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