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Ex: Solve y” + y = 12 cos2x 

Sol:    λଶ + 1 =  0       λ = ± i   yh = c1 cos x + c2 sin x 

r(x) = 12 cos2 x = 12 
ଵା௦ଶ௫

ଶ
 = 6 + 6 cos 2x 

⸫ yp = c + A cos 2x + B sin 2x 

 yp’ = -2A sin 2x + 2B cos 2x 

yp” = -4A cos 2x – 2B sin 2x 

⸫ - 4A cos 2x – 2B sin 2x + A cos 2x + B sin 2x + C = 6 + 6 cos 2x 

 - 3A cos 2x – 3B sin 2x + C = 6 + 6 cos 2x 

⸫ C = 6 ,  A = -2 ,  B = 0 

⸫ yp = 6 – 2 cos 2x   y = c1 cos x + c2 sin x + 6 – 2 cos 2x 
Ex: Solve y” – 4y’ + 4y = 4 e2x 

Sol:    λଶ − 4λ + 4 =  0       λ1 = λ2 = 2   yh = c1 e2x + c2 x e2x 

yp = Ax2 e2x 

yp’ = 2Ax2 e2x + 2Ax e2x 

yp” = 4Ax2 e2x + 4Ax e2x + 4A e2x + 4Ax e2x 

      = 4Ax2 e2x + 8Ax e2x + 2A e2x  

⸫ 4Ax2 e2x + 8Ax e2x + 2A e2x – 8Ax2 e2x – 8Ax e2x + 4A x2 e2x = 4 e2x 

2A = 4  A = 2 

⸫ yp = 2 x2 e2x and   yh = c1 e2x + c2 x2 e2x 

 

Ex: Solve  𝒚” –   𝟒𝒚’ +  𝟒𝒚  =  𝟒 𝒆𝟐𝒙 

Sol:    λଶ − 4 λ + 4 =  0       λ1 = λ2 = 2    

yh = c1 e2x + c2 x e2x 

∵ r(x) = =  4 𝑒ଶ௫  

⸫ yp = A x2 e2x 

𝑦′ = 2Ax2 e2x + 2Ax e2x 

𝑦′′ = 4Ax2 e2x + 4Ax e2x + 4A e2x + 4Ax e2x 

      = 4Ax2 e2x + 8Ax e2x + 2A e2x  
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=4Ax2 e2x + 8Ax e2x + 2A e2x – 4(2Ax2 e2x + 2Ax e2x) +4(A x2 e2x) = 4 e2x 

⸫ 4Ax2 e2x + 8Ax e2x + 2A e2x – 8Ax2 e2x – 8Ax e2x + 4A x2 e2x = 4 e2x 

2A e2x=4 e2x 

2A = 4  A = 2 

∵ yp = A x2 e2x 

⸫ yp = 2 x2 e2x   

   y = yh + yp 

y = c1 e2x + c2 x e2x + 2 x2 e2x 

 

Ex: Solve  𝒚” –   𝟗𝒚  =   𝒆𝟑𝒙  +  𝒔𝒊𝒏 𝟑𝒙 

Sol:    λଶ − 9 =  0   (λ-3) (λ+3)     λ1 = 3, λ2 = -3   

yh = c1 e-3x + c2 e3x 

∵ r(x) =  𝑒ଷ௫  +  𝑠𝑖𝑛 3𝑥 

⸫ yp= 𝑒௫(Cn  xn) +A cos bx + B sin bx 

𝑦 = C x e3x + A cos 3x + B sin 3x 

𝑦′ = 3Cx e3x + C e3x – 3A sin 3x + 3B cos 3x  

𝑦′′= 9Cx e3x + 3C e3x + 3C e3x – 9A cos 3x – 9B cos 3x  

      = 9C x e2x + 6C x e2x – 9A cos 3x – 9B sin 3x 

∵ 𝒚” –   𝟗𝒚  =   𝒆𝟑𝒙  +  𝒔𝒊𝒏 𝟑𝒙 

⸫ 9Cx e3x + 6C e3x – 9A cos 3x – 9B sin 3x – 9x Ce3x – 9A cos 3x – 9B sin 3x 

= e3x + sin 3x 

∵ 6C e3x = e3x             ⸫C = 1/6  

 ∵    – 9A cos 3x– 9A cos 3x=0        ⸫   A = 0 

∵– 9B sin 3x– 9B sin 3x = sin 3x     ⸫ B = -1/18 

∵ 𝑦 = C x e3x + A cos 3x + B sin 3x 

⸫ yp = 1/6 x e3x – 1/18 sin 3x  
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y = yh + yp 

y = c1 e-3x + c2 e3x + 1/6 x e3x – 1/18 sin 3x  

Ex: Solve  𝒚” +   𝟒𝒚  =   𝒙 𝒔𝒊𝒏 𝒙 ,  y (0) = 0,  𝒚ᇱ(0) = 1 

Sol:    λ2 + 4 = 0  λ = ± 2i    𝛼 = 0 , 𝛽 = 2 

𝑦 =  𝑒ఈ௫(𝑐ଵ𝑐𝑜𝑠𝛽𝑥 + 𝑐ଶ 𝑠𝑖𝑛𝛽𝑥)   

yh = c1 cos 2x + c2 sin 2x 

𝑦  = (A1x + A0) cos x + (B1x + B0) sin x 

𝑦′  = - (A1x + A0) sin x + A1 cos x + (B1x + B0) cos x + B1 sin x 

𝑦′′  = - (A1x + A0) cos x – 2A1 sin x – (B1x + B0) sin x + 2B1 cos x 

𝑦” +   4𝑦  =   𝑥 𝑠𝑖𝑛 𝑥 

⸫ 3(A1x + A0) cos x + 3(B1x + B0) sin x – 2A1 sin x + 2B1 cos x = x sin x 

A1 = 0, B0 = 0, A0 = - 2/9,  B1 = 1/3 

𝑦  = (A1x + A0) cos x + (B1x + B0) sin x 

⸫ yp = -2/9 cos x + 1/3 x sin x 

y = c1 cos 2x + c2 sin 2x – 2/9 cos x + 1/3 x sin x 

at x=0, y = 0,  

0 = c1 + 0 – 2/9 + 0  c1 =
ଶ

 ଽ
 

 At     𝒚ᇱ(0) = 1     

𝑦ᇱ = −2𝑐ଵ sin 2𝑥 + 2 𝑐ଶ cos 2𝑥 −
2

9
sin 𝑥 +

1

3
x cos 𝑥 +

1

3
sin 𝑥  

𝑥 = 0,    𝑦ᇱ(0) = 1  ,  

0 = 𝑐ଵ + 0 −
2

9
+ 0 + 0 + 0 

𝑐ଶ =
1

2
 

⸫ The complete solution is    y = 
ଶ

ଽ
 cos 2x + 

ଵ

ଶ
 sin 2x – 

ଶ

ଽ
 cos x +

ଵ

ଷ
 x sin x 
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1- Variation of Parameter Method 

Variation of parameter is a general method for find the particular solution yp of 

linear ODE. Consider the following 2nd -order ODE: - 

𝑎ଶ 𝑦ᇱᇱ + 𝑎ଶ  𝑦ᇱ + 𝑎 𝑦 = 𝑟(𝑥)  

The solution is  

𝑦(𝑥) = 𝑦(𝑥) + 𝑦(𝑥) 

Let  

𝑦 = 𝑐ଵ 𝑢ଵ(𝑥) + 𝑐ଶ 𝑢ଶ(𝑥) 

 

 

 

The practical solution 𝒚𝒑  can be obtained by solving the following equations: - 

𝑣ଵ
ᇱ  𝑢ଵ + 𝑣ଶ

ᇱ  𝑢ଶ = 0 

𝑣ଵ
ᇱ  𝑢′ଵ + 𝑣ଶ

ᇱ  𝑢′ଶ = 𝑟(𝑥) 

ቂ
 𝑢ଵ 𝑢ଶ

𝑢′ଵ 𝑢′ଶ
ቃ  

𝑣ଵ
ᇱ

𝑣ଶ
ᇱ ൨=  

0
𝑟(𝑥)

൨ 

 

 

𝑣ଵ
ᇱ =

−𝑢ଶ 𝑟(𝑥)

∆
     

 

          𝑣ଶ
ᇱ =

௨భ (௫)

∆
   

 

 

 

 

 

 

𝑦 = 𝑣ଵ (𝑥) 𝑢ଵ(𝑥) + 𝑣ଶ(𝑥) 𝑢ଶ(𝑥) 

∆= 𝑢ଵ𝑢′ଶ − 𝑢′ଵ𝑢ଶ 

𝑣  ଵ = − න
𝑢ଶ 𝑟(𝑥)

∆
  𝑑𝑥 

𝑣  ଶ = න
𝑢ଵ 𝑟(𝑥)

∆
  𝑑𝑥 
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Ex: Solve  𝒚” −   𝟒𝒚ᇱ + 𝟑 𝒚  =   
𝟏

𝟏ା𝒆ష𝒙    

Sol:    λ2 - 4 λ+3 = 0 

λଵ = 3   , λଶ = 1         𝑦
ℎ

= 𝑐1 𝑒ଷ௫ + 𝑐2 𝑒௫ 

𝑦 = 𝑐ଵ 𝑢ଵ(𝑥) + 𝑐ଶ 𝑢ଶ(𝑥) 

⸫ 𝑢ଵ = 𝑒3𝑥   𝑢1
′ = 3𝑒ଷ௫   

𝑢ଶ = 𝑒𝑥   𝑢2
′ = 𝑒௫ 

∆= 𝑢ଵ𝑢′ଶ − 𝑢′ଵ𝑢ଶ 

⸫  ∆= 𝑒3𝑥. 𝑒𝑥 − 3𝑒3𝑥. 𝑒𝑥  

=  −2 𝑒ସ௫ 

𝑣  ଵ = − න
𝑢ଶ 𝑟(𝑥)

∆
  𝑑𝑥 

𝑣  ଵ = − න
𝑒𝑥 .  

1
1 + 𝑒−𝑥

−2 𝑒4𝑥
  𝑑𝑥 

=
1

2
න

𝑒𝑥. 𝑒−4𝑥

1 + 𝑒−𝑥   𝑑𝑥 

=
1

2
න

𝑒−3𝑥

1 + 𝑒−𝑥   𝑑𝑥 

Let 𝑧 =  1 + 𝑒−𝑥      𝑒−𝑥 = 𝑧 − 1  

 𝑑𝑧 = −𝑒ି௫  𝑑𝑥     ,   𝑑𝑥 =
𝒅𝒛

ି𝒆ష𝒙    ,   𝑑𝑥 = − 𝑒௫  𝑑𝑧   

=
1

2
න

𝑒−3𝑥 . − 𝑒𝑥 

𝑧
  𝑑𝑧 

=
ଵ

ଶ
∫

𝑒−2𝑥  

௭
  𝑑𝑧           =   

ଵ

ଶ
∫

(𝑒−𝑥)మ 

௭
  𝑑𝑧    , 𝑒−𝑥 = 𝑧 − 1             

⸫  𝑣  ଵ = −
1

2
න

(𝑧 − 1)2

𝑧
 𝑑𝑧   

𝑣  ଵ = −
1

2
න

𝑧2 − 2𝑧 + 1

𝑧
 𝑑𝑧 
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= −
1

2
න(𝑧 − 2 +

1

𝑧
) 𝑑𝑧   

= −
1

2
 (

𝑧ଶ

2
− 2 𝑧 + ln 𝑧) 

𝑣  ଵ = −
1

2
[ 

1

2
((1 + 𝑒−𝑥)2 − 2(1 + 𝑒−𝑥) + ln(1 + 𝑒−𝑥)] 

∵ 𝑣  ଶ = න
𝑢ଵ 𝑟(𝑥)

∆
  𝑑𝑥 

𝑣  ଶ = න
𝑒3𝑥   

1
1 + 𝑒−𝑥

−2 𝑒4𝑥
  𝑑𝑥 

𝑣  ଶ =
1

2
න −

𝑒3𝑥  𝑒−4𝑥

1 + 𝑒−𝑥 
  𝑑𝑥 

=
1

2
න

−𝑒−𝑥  

1 + 𝑒−𝑥   𝑑𝑥 

1

2
ln(1 + 𝑒ି௫) 

⸫   𝑦 = 𝑣ଵ  𝑢ଵ + 𝑣ଶ 𝑢ଶ 

−𝑒3𝑥

2
[
1

2
(1 + 𝑒−𝑥)2 − 2(1 + 𝑒−𝑥) + ln(1 + 𝑒−𝑥)] +

1

2
𝑒𝑥 ln(1 + 𝑒−𝑥) 

𝑦 =   𝑦 +  𝑦 

 

Ex: Solve  𝒚” +  𝒚  =  𝒕𝒂𝒏 𝒙       , 𝒚(𝟎) = 𝟏,   𝒚ᇱ(𝟎) = 𝟐    

Sol:  λ2 + 1 = 0, (λ =±i)      𝛼 = 0 , 𝛽 = 1 

𝑦 =  𝑒ఈ௫(𝑐ଵ𝑐𝑜𝑠𝛽𝑥 + 𝑐ଶ 𝑠𝑖𝑛𝛽𝑥)     

    𝑦 =   𝑐ଵ cos 𝑥 +   𝑐ଶ sin 𝑥 

𝑦 = 𝑐ଵ 𝑢ଵ(𝑥) + 𝑐ଶ 𝑢ଶ(𝑥) 

  𝑢ଵ = cos 𝑥   𝑢′ଵ = − sin 𝑥   

  𝑢ଶ = sin 𝑥   𝑢′ଶ = 𝑐𝑜𝑠𝑥   

∆= 𝑢ଵ𝑢′ଶ − 𝑢′ଵ𝑢ଶ 
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∆= cos 𝑥. cos 𝑥 − (− sin 𝑥 ) sin 𝑥 = 1 

𝑣  ଵ = − න
𝑢ଶ 𝑟(𝑥)

∆
  𝑑𝑥 

𝑣  ଵ = − ∫
sin 𝑥 .tan 𝑥 

ଵ
 𝑑𝑥 = − ∫

𝑠𝑖𝑛2 𝑥

𝑐𝑜𝑠𝑥
 𝑑𝑥           ,∵  𝑠𝑖𝑛ଶ 𝑥 = 1 − 𝑐𝑜𝑠ଶ 𝑥  

= − න
1 − 𝑐𝑜𝑠2 𝑥 

𝑐𝑜𝑠𝑥
 𝑑𝑥 

− න
1 

𝑐𝑜𝑠𝑥
 𝑑𝑥 − න

𝑐𝑜𝑠2 𝑥 

𝑐𝑜𝑠𝑥
𝑑𝑥= − න 𝑠𝑒𝑐𝑥 𝑑𝑥 + න cos 𝑥 𝑑𝑥   

𝑣  ଵ= - ln | sec x + tan x|+ sin x 

𝑣  ଶ = න
𝑢ଵ 𝑟(𝑥)

∆
  𝑑𝑥 

𝑣  ଶ = න
𝑐𝑜𝑠𝑥 𝑡𝑎𝑛𝑥 

1
 𝑑𝑥 =  න sin 𝑥 𝑑𝑥 = − cos 𝑥  

𝑦 = 𝑣ଵ (𝑥) 𝑢ଵ(𝑥) + 𝑣ଶ(𝑥) 𝑢ଶ(𝑥) 

⸫    𝑦 = cos 𝑥 (− ln | sec 𝑥 + tan 𝑥 ) + sin 𝑥 ) + sin 𝑥 (− cos 𝑥 ) 

=  − sin 𝑥 cos 𝑥 − cos 𝑥 [ln | sec 𝑥 + tan 𝑥 ] + sin 𝑥 cos 𝑥  

  𝑦 = − cos 𝑥 [ln | sec 𝑥 + tan 𝑥 ] 

𝑦 =   𝑦 +  𝑦 

⸫   y = 𝑐ଵ cos 𝑥 + 𝑐ଶ sin 𝑥 − cos 𝑥 ln | sec 𝑥 + tan 𝑥|]    

cos 0 = 1, sin 0 = 0 

       y=1 at   x=0  1 = 𝑐1 + 0 − 0  𝑐  1 = 1    

𝑦ᇱ = 2 𝑎𝑡 𝑥 = 0  

𝑦ᇱ = −𝑐ଵ sin 𝑥 + 𝑐ଶ cos 𝑥 − cos 𝑥.
ୱୣୡ𝑥 𝑡𝑎𝑛𝑥+ 𝑠𝑒𝑐2𝑥

ୱୣୡ ௫ା୲ୟ୬ ௫
+sin x ln | sec 𝑥 + tan 𝑥| 

2 = 0 +   𝑐  ଶ − 1     𝑐 ଶ = 3  

𝑦 =   𝑦 +  𝑦 

⸫  y = cos 𝑥 +  3 sin 𝑥 − cos 𝑥 ln | sec 𝑥 + tan 𝑥| 
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