Math il Lecture Three: Differential Equation Asst. Lec. Hiba M. Atta

Ex: Solve y”+y = 12 cos’x

Sol: A2+1=0 = A==£i ® y,=cjcosX+c;sinx

1+cos2x
2

=6+ 6 cos 2x

r(x) =12 cos’x =12
- yp=c+ A cos 2x + B sin 2x

Yp = -2A sin 2x + 2B cos 2x

yp = -4A cos 2x — 2B sin 2x

5= 4A cos 2x — 2B sin 2x + A cos 2x + B sin 2x + C =6 + 6 cos 2x
-3A cos 2x —3Bsin 2x + C =6+ 6 cos 2x

~C=6, A=-2, B=0

L Yp=6-2c0s2Xx = Yy =c1C08X+Cysin X+ 6—2 cos 2x
Ex: Solvey” — 4y’ + 4y =4 &>

Sol: A2—4)X +4=0 = M=h=2 =2 y,=ce*+cyxe*
yo = Ax2 &>
yp = 2Ax% e + 2Ax e
vy = 4Ax? e + 4Ax e + 4A e* + 4Ax e

= 4Ax? e + 8Ax e + 2A ™
S AA T 4 8Ax TN+ 2A ¥ — BAXP T — 8AxEN +4AXE N =4 &
2A=4= A=2

LYp=2 x? e and y,=c; e* +c; x? X

Ex: Solve y" - 4y’ + 4y = 4e**

Sol: M2 —4A+4=0 = h=kh=22

yn=c1 e+ ¢y x e

vr(X) == 4e?*

fyp=A X2 e

Vp' =2Ax%e™ + 2Ax e*

¥y =4AX? e + 4Ax e + 4A e + 4Ax e
= 4Ax? e** + 8Ax e** + 2A e**
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=4Ax? e + 8Ax e + 2A e — 4(2Ax? e + 2Ax e*¥) +4(A x% e¥) =4 &
s AAKT e+ BAX e+ 2A e — RAXT € — 8Ax eBF 4A 2 e =4 e
2A =4 e
2A=4 A=2
sy = A X2 >
Lyp=2x2eX

Y=Yt ¥p

y=cieX+cyxeX+2x%e

Ex: Solve y" - 9y = e3* + sin3x

Sol: 22—9 = 0 & (-3)(M3) = A =3, A =-3

Yh=c1 €3+ ¢y

wr(X) = e3* + sin 3x

S Y= (Cy X") +4 cos bx + B sin bx

¥p =Cxe™+ A cos 3x + B sin 3x

¥y =3Cxe™+ C e —3A sin 3x + 3B cos 3x

¥p''=9Cx e+ 3C ™ + 3C e — 9A cos 3x — 9B cos 3x
=9C xe** + 6C x e** — 9A cos 3x — 9B sin 3x

vy'- 9y = e3* + sin3x

5 9Cxe™ + 6C e** — 9A cos 3x — 9B sin 3x — 9x€e’* — 9A cos 3x — 9B sin 3x

= e3> +sin 3x
v 6C = ~C=1/6
—9A cos 3x— 9A cos 3x=0 o A=0

“—9Bsin 3x-9B sin3x=sin3x ..B=-1/18
vy, =Cxe™* + A cos 3x + B sin 3x

s yp = 1/6 x€3* — 1/18 sin 3x
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Y=Ynt¥p

y=creX+cy e+ 1/6 xe¥* —1/18 sin 3x

Ex: Solve y" + 4y = xsinx, y(@0)=0, y@0) =1

Sol: M+4=02A=%+2i @ a=0,=2

Yn = e**(cicosPBx + ¢, sinfix)

Yh = C1 COS 2X + €2 sin 2X

¥p = (Aix + Ag) cos x + (Bix + Bo) sin x

Vp' =-(Aix+Ao)sinx + Aj cos x + (Bix + Bo) cos x + By sin x
¥ =-(Aix+ Ag) cos x —2A; sin x — (Bix + Bo) sin x + 2B cos x
y' + 4y = xsinx

S 3(A1x + Ag) cos x + 3(Bix + Bp) sin x — 2A sin x + 2B cos X = X sin X
A =0, Bo=0, Ay=-2/9, B, =1/3

Yp = (A1x+ Ag) cos x + (Bix + By) sin x

S yYp=-2/9cosx+ 1/3 x sin x

y =C1 €08 2X + ¢2sin 2x —2/9 cos x + 1/3 x sin X

at x=0, y =0,
0=ci+0-2/9+0 ¢ =

At YO =1

2 1 1
y' = —2c¢;sin2x + 2 ¢, cos2x —§sinx +§x COSX +§sinx

x=0 y'(0)=1,

2
0=c+0—5+0+0+0

szz

. 2 1 . 2 1.
.. The complete solution is y = 5 cos 2x + 5 sin 2x — 5 Cos X +§ X sin X
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1- Variation of Parameter Method

Variation of parameter is a general method for find the particular solution yp of
linear ODE. Consider the following 2™ -order ODE: -
a;y'+a, y+agy=r)
The solution is
y(x) = yn(x) + yp(x)
Let

Yn = €1 us(X) + ¢ up(x)

Yp = V1 (X) ug (%) + v5(x) uz(x)

The practical solution y, can be obtained by solving the following equations: -
viug+vyu, =0

viu'y +vyu, =r(x)
Uq uz] ] [0
u'y U vy r(x)

A= ululz - ulluz

—U, r(x
R LR R T1C)
vé:%(x) g vzzfulz(x) dx
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1
1+e™*

Ex: Solve y"— 4y’ +3y =
Sol: A?-4X+3=0

AM=3 A, =1 ﬁyh=cle3x+czex
Yr = €1 Up(x) + ¢ up(x)

suy = e 2yl =3e3%

u, = e* Du, = e*

A= uu', —u'qu,

o A= 3%, X — 3e3% X

= —2e*¥
juzr(x) p
v4,=—| ——= dx
1 A
1
ex.—_
_ 1+e*
vl__j —2 e*x dx
1 (eX.e
=§j1+e—x dx
1 e—3x
== d
2j1+e—x x
Letz=1+e* e *=z-1
d
dz=-e*dx , dx=_;x , dx=—e*dz
1 (e 3%, —¢*
=EJT dz
—2x —X\2
1,e 1 (e _
=—f dz = = = ) dz ,e*=z-1
2 V4 2 V4

1 —1)2
U Al

1(z2—-2z+1
B YL

2 VA
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f(z—2+l)dz
z

72
(7—Zz+lnz)

1
2
uy r(x
_f 1A()dx

[%((1 +e ™2 -2(1+e™) +In(1+e7%)]

e3x 1

1+e™*
f —2 et dx

1 eBx e—4x
Ef C14e ™
—e X

1+e™*

dx

dx

1
Eln(l + e_x)

. yp
_eBx
2

y =

Ex: Solve y" + y

== 171 u1 + 172 uZ
1 1
[5(1 +e™2-21+e ™ +In(l+e™]+ Eex In(1+e7)

yh+ yp

tanx ,y(0)=1, y'(0)=2

Sol: >+1=0,(A=ti) a=0,8=1

Yn = e**(cicosPfx + ¢, sinfix)
Yh = C€1C0SX + CysSinx
Yh = €1 Ug(x) + 3 Uz (x)
U, =cosx = u'y =—sinx

u, =sinx & u', = cosx

A= uu', —u'ju,
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A= cosx.cosx — (—sinx )sinx =1

v1=—J%(x)dx

. 2
Sln x .tan x sSin X .
v,i=—[————dx =— o sin?x =1 —cos® x
1 COSX

f 1—cos?x

B COSX
1 cos? x

— dx — dx= = — | secxdx + | cosx dx

COSX COSX

v 1=-1In|sec x + tan x|+ sin x

u r(x
v2=j1T()dx

cosx tanx
Vo= | —

dx = jsinxdx=—cosx
Vp = V1 () ug (%) + v (x) up(x)
Yp =cosx (—In|secx +tanx ) +sinx ) + sinx (— cosx)
= —sinxgosx —cosx [In]|secx + tanx | # sinx cos x
Yp = —cosx [In|secx + tanx |
Y= Ynt ¥
. Y =(1C0SX +C,sinx —cosxIn|secx + tan x|]
cos0=1,sin0=0
y=lat x=0 21 =¢c;+0-02 ¢ ;=1
y' =2atx=0

2

secx tanx+ sec“x

y' = —cysinx + ¢, cosx — cos x. tsin X In | sec x + tan x|

secx+tanx

2=0+ C2_1;> C2=3

Y= Ynt W

~y=cosx + 3sinx —cosxln|secx + tan x|
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