Mathll Lecture Four: Differential Equation Asst. Lec. Hiba M. Atta

Euler - Cauchy Equation:

It is a type of linear ODE with variable coefficients. It can be solved by changing
the independent variable, then it can be transformed into a linear equation with
constant coefficient.

Euler — Cauchy eq. has the following form:

anxny(n) + an_lxn—ly(n—l) + 4 agx y’ +ayy = r(x)

Letz=1Inx —>x=eZ—>E=l
dx x

BychainRuleHd—y:d—y*Ezld_yzlpy’ D:i

dx dz dx x dz X dz
d’y 1d* dz —-1dy 1
—=——=—%—+——=—D(D-1
dx? deZ*dx+x2 dz — x2 ( )y
d3y 1
I3 %3 D(D—-1)(D-2)y
In general, —» =2 = = D(D = (D = 2) e ccocc. (D =+ 1y

In the case of 2" — order eq.: a,x%y" + a;x y' + agy = r(x)

It can be transformed into:

d?y

dy
az@"‘ (a; — az)E + apy =1(2)

Ex: Solve x?y" —xy'+y=xInx

Sol: z=Inx, x=¢e% 1r(z)=2ze”*

a2=1, al=—1, ao=1
d’y _dy

Z — 7

dz? dz+y ze

/12 - ZA+ 1 = 0 ':>/11’2 = 1':>yh(Z) = Clez + C2 ZeZ
yp(Z): eZ(A12+A0)ZZ= eZ(A123+AOZZ)
y,p(Z) = ez(3A1 Zz+ 2A0 Z) +eZ(A1 Z3+ AO ZZ)
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y',(2) = e*(6 A1 Z+ 24y )+ e?(3A4,Z%+ 24, Z)+ e“(3A,Z% +

2A0 2)++eZ(A, Z3+ Ay Z7)

= eZ(6A, 7+ 24, ) +2e%(3A, 7%+ 24, Z)+ e*(A 23+ Ay Z2) —
20%(3A, 2% + 24, Z)-2e7(A, Z3 + Ag Z2) +e% (A, Z3 + Ay Z2) = Z e”

1
6A1:1E>A1:g ) 2140:0':> A0:0

Yo2) = = 73 e

p 6
y(2) =Ce? + Cy z e? + = 7% e*
y(x)=C;x + C, Inx + % x (Inx)3

Ex: Solve x?y" —xy' —3y = 2x3

Sol: a,=1, a; =-1, a=-3 ,r(x)=2x3
Letz=1Inx, x = e?, r(z) = 2x3 2 2(e?)3 = 2e3
d?y

dy
+ (a1 —a) 5=+ apy =1(2)

T dz? dz

Y 1Y a3z
(D3 + (112 -3y = 2e

d
———2—-3y=2e% e .. (D)

22-21-3=0 2(A-3)A1+1) =0
L,=3 A, =-1

yn(z) = Cie32 + C, e ?

+ 1(z) = 23

~y,(2) = Aed? ()= Az e¥*
y',(2)=3 Az e3? + A e’ inseart in (1)
V', (2)=9 Aze3* +3Ae37 4+ 34e32 =9 Az e’ + 64 e
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d’y _dy

9Aze32+6Ae3 —2(3 Aze3?+ Ae3?) -3 Aze3% =2e%
OAze3? +6Ae3% —6Aze3% —24e32 — 3 Aze3%2 =2e37

4A e3% = 2e3%

4A = 2 2A =

N | =

iy ()= Aze®

. — 1 3z
S yp(2) = SZe
y(z) = Yn + ¥p

y(z) =C,e32 + C, e % + % z e3?

1
(x) = Cix3 +Cox '+ =x3Inx
y 1 2 >
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Svystem of Simultaneous Linear ODEs with Constant Coefficients

We shall now consider a system of simultaneous linear differential equations
which contains two or more dependent variables such as “x,y,z,....” And a single
independent variable such as” t”. ". In general, the number of equations equals to the

number of dependent variables. Consider the following system of linear ODEs:

(@11 D% + by D + ¢1)x(t) + (a12 D? + by D + c12)y(t) = 11 (B)
(az1 D? + byy D + 31 )x(t) + (@z2 D? + byy D + c32)y(t) = 15 (1)
d d?

_4a 2 _ 4°
Where D = D o

Re-write the system of ODEs in matrix form:

|(a11 D® 4+ by D +¢11) (a12 D? 4+ by D+ ¢43)|

(a11 D% + by3 D +¢11) (a1, D% + by, D+ ¢15) | |x(t) _|n (t)
(a1 D? 4+ byy D + ¢31 ) (a2 D* + by D + c35)y(8)| 1y (2) 1y (£)
_ | (£)(a12 D% + by, D +c1p) - :
FD)e(e) = 72 (£)(a22 D? + by D + ¢27) ODE in x(£)
[F(D)]y(t) = (a1 D* + by D +¢q9 )1y (t)| —ODE in y(t)

(a1 D% + by1 D 4 cp1 )15 (2)

(ay1 D* 4+ by1 D +¢y1)(ay, D* 4+ b1, D+ ¢y5)

D) =
/() (a1 D* + by1 D 4 c31)(az2 D* + by D + ¢37)

« (determinants)
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Problem 1. Solve the following system of ODEs

2P Y gy —et 22D —4)xt (D -1y =et
dx

E+3x+y=0:>(D+3)x+y=O

2D —-x+ D —-Dy=et ... (1)
D+3)x+Y =0 it 2)

Multiplying (2) by (D-1)

2D —4)x+ (D~ 1)y =¢et

(D —-1DD+3)x+DP=1)y=0
and subtracting we get the solution:
2D —4)x—(D—-1)(D+3)x =€t
(D? + 1)x = —et

AM+H1=0 = A==£i

xp(t) =cycost+c, sint

r(x) = —et  x,(t) =Ac'

x'p(t) = Aet  x",(t) =Ae' and sub in given ODE
(D? + 1)x = —et

(Aet + Aet) = —et

2A et = —et A==
1,
xp(t) = €

2 x(t) = xp(t) + x5 ()

1
x(t) = ¢ cost+c, sint —Eet

To find y: from eq. 2

D+3)x+y=0
y=—(D+3)x

y=—-Dx — 3x
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_dx3
y="a >

: 1
v x(t) =cycost+c, sint —Eet
. dx 1 t

W—= —c,Sint+c,cost —-e
dt 1 2 2

1 1
y=-— (—clsint + ¢, cost —Eet) -3 <c1 cost+c, sint —Eet)

y(t) = (¢, — 3¢y) sint — (3¢; + ¢;) cost + 2et

Thus, the general solution is

1
x(t) =c,cost+c, sint —Eet

y(t) = (¢, — 3¢y) sint — (3¢; + ¢;) cost + 2et

Problem 2. Solve the following linear system of ODEs:
X' —4x+3y =t .. (1)
2x+y' +y=e . (2)
Solution:
Put the equations in to D-operator form
Dx—4x+3y=tz>(D—-4)x+3y=t...c......... 3 *D+1)
2x+Dy+y=et2-2x+(D+1y=et......... 4 *3
~D-4)D+Dx+3D+1)y=D+ 1t =

(D2 —3D—-4)x+3(D+1)y=1+t
—6x+3(D+1)y=3e"t

(D?—3D —4)x+6x=1+t—3e™!
(D?-3D—-4+6)x=1+t—3et
(D> —-3D+2)x=1+t—3e™t

M3A2=02 A—1DA—-2)=02A, =11, =2

} by subtraction

xp(t) = ciet + ¢, e?t

r(x)=t
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s xp(t) = At + Ag+Ke™t
~x',(t) = Ay —Ke™®
ax'"y(t) = —Ke™t
sub in given ODE
(D?—-3D+2)x=1+t—3e™t
Ke*—3(A;—Ke )+ 2(Ait+ Ag+Ke ) =1+t—3e”t
KeT"*—3A;+3Ke "+ 2At+2A+2Ke " =1+t—3e7t
6Ke '+ 2At+(-3A; +2A)=1+t—3et
6K = —32K = =2

1
2A1=1/—7>A1=§

—3A, +2A, =12 —3(%)+2A0=1:> 2A0=1+; :>A0=%
v xp(t) = At + Ag + Ke™*

X (£) =% t+2—26‘t

2 x(t) = xp () + x5 ()

1 5
x(t) = c,et +c,e?t oty 2e7t

From eq. 3
(D—4)x+3y=t
3y=t—(D—-4)x
1
=3 (@ + )

5 _
'-'x(t)=clet+c262t+%t+z—26 t

d 1
= x' (¢) :d_)t(:C1€t+2C2€2t+E

Wl =

y(t) =

1 1 5
(t—clet+20262t+§+4(01et+6262t+§t+Z—Ze‘t)>
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1 1 i
y(t) =3 <t—Clet+2C262t+§+4clet+4C262t+2t+5—86 t)
1 9
y(t) = 3 <3clet +2c,e?t+3t+ 5~ 8e‘t)
8

2 3
y(t) = clet+§ ce?t + t+§—§e‘t

45



