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 Euler - Cauchy Equation: 

It is a type of linear ODE with variable coefficients. It can be solved by changing 

the independent variable, then it can be transformed into a linear equation with 

constant coefficient. 

Euler – Cauchy eq. has the following form: 

𝑎௡𝑥௡𝑦(௡) + 𝑎௡ିଵ𝑥௡ିଵ𝑦(௡ିଵ) + ⋯ + 𝑎ଵ𝑥 𝑦ᇱ + 𝑎଴𝑦 = 𝑟(𝑥) 

Let 𝑧 = ln 𝑥 → 𝑥 = 𝑒௭ →  
ௗ௭

ௗ௫
=  

ଵ

௫
 

By chain Rule → 
ௗ௬

ௗ௫
=  

ௗ௬

ௗ௭
 ∗

ௗ௭

ௗ௫
=  

ଵ

௫
 
ௗ௬

ௗ௭
=  

ଵ

௫
 𝐷𝑦,    𝐷 =

ௗ

ௗ௭
 

𝑑ଶ𝑦

𝑑𝑥ଶ
=

1

𝑥
 
𝑑ଶ𝑦

𝑑𝑧ଶ
∗

𝑑𝑧

𝑑𝑥
+

−1

𝑥ଶ
 
𝑑𝑦

𝑑𝑧
=  

1

𝑥ଶ
 𝐷(𝐷 − 1)𝑦 

𝑑ଷ𝑦

𝑑𝑥ଷ
=

1

𝑥ଷ
  𝐷(𝐷 − 1)(𝐷 − 2)𝑦 

In general, →  
ௗ೙௬

ௗ௫೙
=

ଵ

௫೙
  𝐷(𝐷 − 1)(𝐷 − 2) … … … . (𝐷 − 𝑛 + 1)𝑦 

In the case of 2nd – order eq.: 𝑎ଶ𝑥ଶ𝑦ᇱᇱ + 𝑎ଵ𝑥  𝑦ᇱ + 𝑎଴𝑦 = 𝑟(𝑥) 

It can be transformed into: 

𝑎ଶ

𝑑ଶ𝑦

𝑑𝑧ଶ
+ (𝑎ଵ − 𝑎ଶ)

𝑑𝑦

𝑑𝑧
+ 𝑎଴𝑦 = 𝑟(𝑧) 

 

Ex: Solve   𝑥ଶ𝑦ᇱᇱ − 𝑥𝑦ᇱ + 𝑦 = 𝑥 ln 𝑥 

Sol:  𝑧 = 𝑙𝑛 𝑥, 𝑥 = 𝑒௭, 𝑟(𝑧) = 𝑧 𝑒௭ 

a2 = 1,  a1 = -1,  a0 = 1 

𝑑ଶ𝑦

𝑑𝑧ଶ
− 2

𝑑𝑦

𝑑𝑧
+ 𝑦 = 𝑧𝑒௭ 

𝜆ଶ − 2𝜆 + 1 = 0  𝜆ଵ,ଶ = 1𝑦௛(𝑧) = 𝐶ଵ𝑒௭ + 𝐶ଶ 𝑧 𝑒௭ 

𝑦௣(𝑧) =   𝑒௭(𝐴ଵ 𝑍 + 𝐴଴ ) 𝑍ଶ =   𝑒௭(𝐴ଵ 𝑍ଷ + 𝐴଴ 𝑍ଶ) 

𝑦ᇱ
௣

(𝑧) =   𝑒௭(3 𝐴ଵ 𝑍ଶ +  2 𝐴଴ 𝑍) +𝑒௭( 𝐴ଵ 𝑍ଷ +   𝐴଴  𝑍ଶ) 
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𝑦ᇱ′௣(𝑧) =  𝑒௭( 6 𝐴ଵ 𝑍 +  2 𝐴଴  )+  𝑒௭( 3 𝐴ଵ 𝑍ଶ +   2 𝐴଴  𝑍)+  𝑒௭( 3 𝐴ଵ 𝑍ଶ +

  2 𝐴଴  𝑍)+ +𝑒௭( 𝐴ଵ 𝑍ଷ +   𝐴଴  𝑍ଶ) 

=  𝑒௭( 6 𝐴ଵ 𝑍 +  2 𝐴଴  ) + 2 𝑒௭( 3 𝐴ଵ 𝑍ଶ +   2 𝐴଴  𝑍)+  𝑒௭( 𝐴ଵ 𝑍ଷ +   𝐴଴  𝑍ଶ) −

2 𝑒௭(3 𝐴ଵ 𝑍ଶ +   2 𝐴଴  𝑍)- 2𝑒௭( 𝐴ଵ 𝑍ଷ +   𝐴଴  𝑍ଶ) + 𝑒௭( 𝐴ଵ 𝑍ଷ +   𝐴଴  𝑍ଶ) = 𝑍 𝑒௭  

 6 𝐴ଵ = 1 𝐴ଵ =
1

6
    ,  2 𝐴଴ = 0       𝐴଴ = 0  

𝑦௣(𝑧) =
1

6
 𝑍ଷ  𝑒௭  

y(z) =𝐶ଵ𝑒௭ + 𝐶ଶ 𝑧 𝑒௭ +  
ଵ

଺
 𝑍ଷ  𝑒௭ 

y(x) =𝐶ଵ𝑥 + 𝐶ଶ 𝑙𝑛𝑥 + 
ଵ

଺
 𝑥   (𝑙𝑛 𝑥)ଷ 

Ex: Solve   𝑥ଶ𝑦ᇱᇱ − 𝑥𝑦ᇱ − 3𝑦 = 2𝑥ଷ  

Sol:  a2 = 1,   a1 = -1,    a0 = -3      , 𝑟(𝑥) = 2𝑥ଷ 

 

 Let 𝑧 = ln 𝑥 , 𝑥 = 𝑒௭ ,          𝑟(𝑧) = 2𝑥ଷ   2(𝑒௭)ଷ = 2𝑒ଷ௭ 

∵  𝑎ଶ

𝑑ଶ𝑦

𝑑𝑧ଶ
+ (𝑎ଵ − 𝑎ଶ)

𝑑𝑦

𝑑𝑧
+  𝑎଴𝑦 = 𝑟(𝑧) 

 ∴ (1)
ௗమ௬

ௗ௭మ + (−1 − 1)
ௗ௬

ௗ௭
− 3𝑦 = 2𝑒ଷ௭ 

𝑑ଶ𝑦

𝑑𝑧ଶ
− 2

𝑑𝑦

𝑑𝑧
− 3𝑦 = 2𝑒ଷ௭ … … … … … … … . (1) 

𝜆ଶ − 2𝜆 − 3 = 0  (𝜆 − 3)(𝜆 + 1) = 0 

𝜆ଵ = 3      𝜆ଶ = −1  

𝑦௛(𝑧) = 𝐶ଵ𝑒ଷ௭ + 𝐶ଶ 𝑒ି௭ 

∵  𝑟(𝑧) = 2𝑒3𝑧 

൞

∴ 𝑦௣(𝑧) = 𝐴𝑒3𝑧  (z) 𝐴 𝑧 𝑒3𝑧

𝑦ᇱ
௣

(𝑧) = 3  𝐴 𝑧 𝑒3𝑧 + 𝐴 𝑒3𝑧

𝑦′′௣(𝑧) = 9  𝐴 𝑧 𝑒3𝑧 + 3𝐴 𝑒3𝑧 +  3𝐴 𝑒3𝑧 = 9  𝐴 𝑧 𝑒3𝑧 + 6𝐴 𝑒3𝑧

ൢ 𝑖𝑛𝑠𝑒𝑎𝑟𝑡 𝑖𝑛 (1)  
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𝑑ଶ𝑦

𝑑𝑧ଶ
− 2

𝑑𝑦

𝑑𝑧
− 3𝑦 = 2𝑒ଷ௭ … … … … … … … . (1) 

9 𝐴 𝑧 𝑒3𝑧 + 6𝐴 𝑒3𝑧 − 2൫3  𝐴 𝑧 𝑒3𝑧 + 𝐴 𝑒3𝑧൯ − 3 𝐴 𝑧 𝑒3𝑧 = 2𝑒3𝑧 

9 𝐴 𝑧 𝑒3𝑧 + 6𝐴 𝑒3𝑧 − 6𝐴 𝑧 𝑒3𝑧  − 2𝐴 𝑒3𝑧 −  3 𝐴 𝑧 𝑒3𝑧 = 2𝑒3𝑧 

4𝐴 𝑒ଷ௭ = 2𝑒ଷ௭ 

4𝐴 = 2 𝐴 =
1

2
  

∵ 𝑦
𝑝
(𝑧) =  𝐴 𝑧 𝑒ଷ௭ 

∴ 𝑦௣(𝑧) =  
1

2
 𝑧 𝑒ଷ௭ 

y(z) = 𝑦௛ + 𝑦௣  

y(z) =𝐶ଵ𝑒ଷ௭ + 𝐶ଶ  𝑒ି௭ +  
ଵ

ଶ
  𝑧 𝑒ଷ௭ 

y(x) = 𝐶ଵ𝑥ଷ + 𝐶ଶ𝑥ିଵ +  
1

2
𝑥ଷ ln 𝑥 
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System of Simultaneous Linear ODEs with Constant Coefficients 

We shall now consider a system of simultaneous linear differential equations 

which contains two or more dependent variables such as “x,y,z,….” And a single 

independent variable such as” t”. ". In general, the number of equations equals to the 

number of dependent variables. Consider the following system of linear ODEs: 

(𝑎ଵଵ 𝐷
ଶ + 𝑏ଵଵ 𝐷 + 𝑐ଵଵ )𝑥(𝑡) + (𝑎ଵଶ 𝐷

ଶ + 𝑏ଵଶ 𝐷 + 𝑐ଵଶ )𝑦(𝑡) = 𝑟ଵ (𝑡)  

(𝑎ଶଵ 𝐷
ଶ + 𝑏ଶଵ 𝐷 + 𝑐ଶଵ )𝑥(𝑡) + (𝑎ଶଶ 𝐷

ଶ + 𝑏ଶଶ 𝐷 + 𝑐ଶଶ )𝑦(𝑡) = 𝑟ଶ (𝑡)  

Where    D =
ௗ

ௗ௧
 ,    𝐷ଶ =

ௗమ

ௗ௧మ
 

Re-write the system of ODEs in matrix form: 

|(𝑎ଵଵ 𝐷
ଶ + 𝑏ଵଵ 𝐷 + 𝑐ଵଵ ) (𝑎ଵଶ 𝐷

ଶ + 𝑏ଵଶ 𝐷 + 𝑐ଵଶ )| 

ฬ
(𝑎ଵଵ 𝐷

ଶ + 𝑏ଵଵ 𝐷 + 𝑐ଵଵ ) (𝑎ଵଶ 𝐷
ଶ + 𝑏ଵଶ 𝐷 + 𝑐ଵଶ )

(𝑎ଶଵ 𝐷
ଶ + 𝑏ଶଵ 𝐷 + 𝑐ଶଵ )(𝑎ଶଶ 𝐷

ଶ + 𝑏ଶଶ 𝐷 + 𝑐ଶଶ )𝑦(𝑡)
ฬ ฬ

𝑥(𝑡)
𝑦(𝑡)

ฬ = ฬ
𝑟ଵ (𝑡)

𝑟ଶ (𝑡)
ฬ 

 

[𝑓(𝐷)]𝑥(𝑡) = ฬ
𝑟ଵ (𝑡)(𝑎ଵଶ 𝐷

ଶ + 𝑏ଵଶ 𝐷 + 𝑐ଵଶ )

𝑟ଶ (𝑡)(𝑎ଶଶ 𝐷
ଶ + 𝑏ଶଶ 𝐷 + 𝑐ଶଶ )

ฬ   ⃪ODE in 𝑥(𝑡) 

 

[𝑓(𝐷)]𝑦(𝑡) = ฬ
(𝑎ଵଵ 𝐷

ଶ + 𝑏ଵଵ 𝐷 + 𝑐ଵଵ )𝑟ଵ (𝑡)

(𝑎ଶଵ 𝐷
ଶ + 𝑏ଶଵ 𝐷 + 𝑐ଶଵ )𝑟ଶ (𝑡)

ฬ   ⃪ODE in 𝑦(𝑡) 

 

𝑓(𝐷) = ฬ
(𝑎ଵଵ 𝐷

ଶ + 𝑏ଵଵ 𝐷 + 𝑐ଵଵ )(𝑎ଵଶ 𝐷
ଶ + 𝑏ଵଶ 𝐷 + 𝑐ଵଶ )

(𝑎ଶଵ 𝐷
ଶ + 𝑏ଶଵ 𝐷 + 𝑐ଶଵ )(𝑎ଶଶ 𝐷

ଶ + 𝑏ଶଶ 𝐷 + 𝑐ଶଶ )
ฬ   ⃪ (determinants) 
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Problem 1. Solve the following system of ODEs 

2
𝑑𝑥

𝑑𝑡
+

𝑑𝑦

𝑑𝑡
− 4𝑥 − 𝑦 = 𝑒௧    (2𝐷 − 4)𝑥 + (𝐷 − 1)𝑦 = 𝑒௧ 

𝑑𝑥

𝑑𝑡
+ 3𝑥 + 𝑦 = 0  (𝐷 + 3)𝑥 + 𝑦 = 0 

(2𝐷 − 4)𝑥 + (𝐷 − 1)𝑦 = 𝑒௧        … . .  .  . … … … … … … … (𝟏) 

(𝐷 + 3)𝑥 + 𝑦 = 0                    ………………………….....(2) 

Multiplying (2) by (D-1)  

(2𝐷 − 4)𝑥 + (𝐷 − 1)𝑦 = 𝑒௧        

(𝐷 − 1)(𝐷 + 3)𝑥 + (𝐷 − 1)𝑦 = 0 

and subtracting we get the solution: 

(2𝐷 − 4)𝑥 − (𝐷 − 1)(𝐷 + 3)𝑥 = 𝑒௧ 

(𝐷ଶ + 1)𝑥 = −𝑒௧ 

λ2 +1=0     λ=±i               

𝑥௛(𝑡) = 𝑐ଵ cos 𝑡 + 𝑐ଶ  sin 𝑡 

𝑟(𝑥) = −𝑒௧       𝑥௣(𝑡) =Aet 

 𝑥ᇱ
௣(𝑡) = A𝑒௧       𝑥ᇱᇱ

௣(𝑡) = A 𝑒௧    𝑎𝑛𝑑 𝑠𝑢𝑏 𝑖𝑛 𝑔𝑖𝑣𝑒𝑛 𝑂𝐷𝐸   

(𝐷ଶ + 1)𝑥 = −𝑒௧ 

(A 𝑒௧ + A 𝑒௧) = −𝑒௧    

  2A 𝑒௧ = −𝑒௧             A=
ଵ

ଶ
 

 𝑥௣(𝑡) =
1

2
𝑒௧ 

∴ 𝑥(𝑡) = 𝑥௛(𝑡) +  𝑥௣(𝑡)   

𝑥(𝑡) = 𝑐ଵ cos 𝑡 + 𝑐ଶ  sin 𝑡 −
1

2
𝑒௧ 

To find y: from eq. 2  

(𝐷 + 3)𝑥 + 𝑦 = 0   

   𝑦 = −(𝐷 + 3 )𝑥       

𝑦 = −𝐷𝑥 − 3𝑥        
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𝑦 = −
𝑑𝑥

𝑑𝑡
− 3𝑥 

∵ 𝑥(𝑡) = 𝑐ଵ cos 𝑡 + 𝑐ଶ  sin 𝑡 −
ଵ

ଶ
𝑒௧ 

∴ 
ௗ௫

ௗ௧
=  −𝑐ଵ𝑠𝑖𝑛𝑡 + 𝑐ଶ cos 𝑡 −

ଵ

ଶ
𝑒௧ 

𝑦 = − ൬−𝑐ଵ𝑠𝑖𝑛𝑡 + 𝑐ଶ cos 𝑡 −
1

2
𝑒௧൰ − 3 ൬𝑐ଵ cos 𝑡 + 𝑐ଶ  sin 𝑡 −

1

2
𝑒௧൰ 

𝑦(𝑡) = (𝑐ଵ − 3𝑐ଶ) sin 𝑡 − (3𝑐ଵ +  𝑐ଶ) cos 𝑡 + 2𝑒௧   

 

Thus, the general solution is 

𝑥(𝑡) = 𝑐ଵ cos 𝑡 + 𝑐ଶ  sin 𝑡 −
1

2
𝑒௧ 

𝑦(𝑡) = (𝑐ଵ − 3𝑐ଶ) sin 𝑡 − (3𝑐ଵ +  𝑐ଶ) cos 𝑡 + 2𝑒௧   

 

Problem 2. Solve the following linear system of ODEs: 

 𝑥ᇱ − 4𝑥 + 3𝑦 = 𝑡 … … … … … … . (𝟏) 

2𝑥 + 𝑦ᇱ + 𝑦 = 𝑒ି௧ … … … … … … . (𝟐) 

Solution: 

Put the equations in to D-operator form 

𝐷𝑥 − 4𝑥 + 3𝑦 = 𝑡 (𝐷 − 4)𝑥 + 3𝑦 = 𝑡…………..(3)    *(𝐷 + 1) 

2𝑥 + 𝐷𝑦 + 𝑦 = 𝑒ି௧− 2𝑥 + (𝐷 + 1)𝑦 = 𝑒ି௧………(4)    *3 

∴  (𝐷 − 4)(𝐷 + 1)𝑥 + 3(𝐷 + 1)𝑦 = (𝐷 + 1)𝑡  

 
 (𝐷ଶ − 3𝐷 − 4)𝑥 + 3(𝐷 + 1)𝑦 = 1 + 𝑡

−6𝑥 + 3(𝐷 + 1)𝑦 = 3𝑒ି௧ ൠ     𝑏𝑦 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛  

 (𝐷ଶ − 3𝐷 − 4)𝑥 + 6𝑥 = 1 + 𝑡 − 3𝑒ି௧ 

 (𝐷ଶ − 3𝐷 − 4 + 6)𝑥 = 1 + 𝑡 − 3𝑒ି௧ 

 (𝐷ଶ − 3𝐷 + 2)𝑥 = 1 + 𝑡 − 3𝑒ି௧ 

λ2 -3λ+2 =0  (λ − 1)(λ − 2) = 0 λଵ = 1,  λଶ = 2    

𝑥௛(𝑡) = 𝑐ଵ𝑒௧ + 𝑐ଶ 𝑒
ଶ௧ 

∵  r(x) =  𝑡 
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∴ 𝑥௣(𝑡) =  Aଵ𝑡 +  A଴ + 𝐾𝑒ି௧ 

∴ 𝑥′௣(𝑡) =  Aଵ − 𝐾𝑒ି௧  

∴ 𝑥′′௣(𝑡) = −𝐾𝑒ି௧ 

 𝑠𝑢𝑏 𝑖𝑛 𝑔𝑖𝑣𝑒𝑛 𝑂𝐷𝐸   

 (𝐷ଶ − 3𝐷 + 2)𝑥 = 1 + 𝑡 − 3𝑒ି௧ 

𝐾𝑒ି௧ − 3( Aଵ − 𝐾𝑒ି௧) + 2( Aଵ𝑡 +  A଴ + 𝐾𝑒ି௧) = 1 + 𝑡 − 3𝑒ି௧ 

𝐾𝑒ି௧ − 3 Aଵ + 3𝐾𝑒ି௧ + 2 Aଵ𝑡 + 2 A଴ + 2𝐾𝑒ି௧ = 1 + 𝑡 − 3𝑒ି௧ 

6𝐾𝑒ି௧ + 2 Aଵ𝑡 + (−3 Aଵ + 2 A଴) = 1 + 𝑡 − 3𝑒ି௧ 

6𝐾 = −3 𝐾 = −2 

2 Aଵ = 1 Aଵ =
1

2
 

−3 Aଵ + 2 A଴ = 1  − 3 ൬
1

2
൰ + 2 A଴ = 1   2 A଴ = 1 +

3

2
   A଴ =

5

4
 

∵  𝑥௣(𝑡) =  Aଵ𝑡 +  A଴ + 𝐾𝑒ି௧  

∴𝑥௣(𝑡) =
ଵ

ଶ
 𝑡 +

ହ

ସ
− 2𝑒ି௧ 

 ∴ 𝑥(𝑡) = 𝑥௛(𝑡) +  𝑥௣(𝑡)   

𝑥(𝑡) = 𝑐ଵ𝑒௧ + 𝑐ଶ 𝑒
ଶ௧ +

1

2
 𝑡 +

5

4
− 2𝑒ି௧ 

From eq. 3  

(𝐷 − 4)𝑥 + 3𝑦 = 𝑡 

3𝑦 = 𝑡 − (𝐷 − 4)𝑥 

𝑦 =
1

3
 ൬𝑡 −

dx

dt
+ 4𝑥൰ 

∵ 𝑥(𝑡) = 𝑐ଵ𝑒௧ + 𝑐ଶ 𝑒
ଶ௧ +

ଵ

ଶ
 𝑡 +

ହ

ସ
− 2𝑒ି௧ 

∴ 𝑥ᇱ (𝑡) =
ୢ୶

ୢ୲
= 𝑐ଵ𝑒௧ + 2 𝑐ଶ 𝑒

ଶ௧ +
ଵ

ଶ
 

𝑦(𝑡) =
1

3
 ൭𝑡 − 𝑐ଵ𝑒௧ + 2 𝑐ଶ 𝑒

ଶ௧ +
1

2
+ 4 ൬𝑐ଵ𝑒௧ + 𝑐ଶ 𝑒

ଶ௧ +
1

2
 𝑡 +

5

4
− 2𝑒ି௧൰൱ 
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𝑦(𝑡) =
1

3
 ൬𝑡 − 𝑐ଵ𝑒௧ + 2 𝑐ଶ 𝑒

ଶ௧ +
1

2
+ 4𝑐ଵ𝑒௧ + 4𝑐ଶ 𝑒

ଶ௧ + 2 𝑡 + 5 − 8𝑒ି௧൰ 

𝑦(𝑡) =
1

3
 ൬3𝑐ଵ𝑒௧ + 2 𝑐ଶ 𝑒

ଶ௧ + 3 𝑡 +
9

2
− 8𝑒ି௧൰ 

𝑦(𝑡) = 𝑐ଵ𝑒௧ +
2

3
 𝑐ଶ 𝑒

ଶ௧ +  𝑡 +
3

2
−

8

3
𝑒ି௧ 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


