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Formula of Special Functions 

Non -elementary (special) function can be classified into: 

1- Function defined by integral which can’t be solved in term of elementary 

functions, like Gama, Beta, Error, and Q-function. 

2- Function described by linear ODE such as Bessel, Legendre, and Green 

functions. 

Gamma Function Γ(x): 

Gamma Function is defined by the following integral: 

Γ(x) = න 𝑒ି௧  .
ஶ

଴

𝑡௫ିଵ 𝑑𝑡      𝑥 > 0 

 

Γ(1) = න 𝑒ି௧ 𝑑𝑡    = 1
ஶ

଴

 

Γ(2) = න 𝑡 . 𝑒ି௧ 𝑑𝑡    = 1
ஶ

଴

 

Γ(3) = න 𝑡ଶ . 𝑒ି௧  𝑑𝑡    = 2 = 2!
ஶ

଴

 

Γ(4) = න 𝑡ଷ . 𝑒ି௧  𝑑𝑡    = 6 = 3!
ஶ

଴

 

∴ Γ(n + 1) =  𝑛 Γ(n) = 𝑛!                     𝑛 = 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 

Γ(n) = ∞                               ∞ = 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟         

 

Integration by part gives the important functional relation of Gamma function 

as follows: 

Γ(x) = න 𝑒ି௧  .
ஶ

଴

𝑡௫ିଵ 𝑑𝑡      by part  

Let 

൝
 𝑢 =  𝑒ି௧        𝑑𝑢 = − 𝑒ି௧

𝑑𝑣 = 𝑡௫ିଵ   𝑑𝑡   𝑣 =
𝑡௫ 

𝑥

ൡ   
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Γ(x)  = 𝑒ି௧    
𝑡௫ 

𝑥
−  න

−𝑒ି௧ .  𝑡௫ 

𝑥
 𝑑𝑡    

ஶ

଴

 

Γ(x)  = 𝑒ି௧    
௧ೣ 

௫ ଴

ஶ

+  
ଵ

௫
∫ 𝑒ି௧.  𝑡௫  𝑑𝑡       

ஶ

଴
   Γ(x) = 0 + ∫ 𝑒ି௧ .

ஶ

଴
𝑡௫ିଵ 𝑑𝑡 

∵  Γ(x) = න 𝑒ି௧ .
ஶ

଴

𝑡௫ିଵ 𝑑𝑡 

∴ Γ(x + 1) = ∫ 𝑒ି௧  .
ஶ

଴
𝑡(௫ାଵ)ିଵ 𝑑𝑡 

 ∴ Γ(x) =
ଵ

௫ 
   Γ(x + 1) 

୻(୶ାଵ)

௫
       

∴𝚪(𝐱 + 𝟏)) = 𝒙 𝚪(𝐱)  

So that     𝒓𝒆𝒄𝒖𝒓𝒔𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚 is  

 Γ(x) =
୻(୶ାଵ)

௫
=

୻(୶ାଶ)

௫(୶ାଵ)
= ⋯ … . . =

୻(୶ା୩ାଵ)

௫(௫ାଵ)(௫ାଶ)……(௫ା௞)
  

𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎𝒖𝒍𝒂  is  

𝛤(𝑥)𝛤(1 − 𝑥) =
஠

௦௜௡ ஠  ௫
             0 < 𝑥 < 1  

 

EX: Prove that Γ ቀ
ଵ

ଶ
ቁ = √π 

Sol: 

Γ ൬
1

2
൰ = න 𝑒−𝑡 .

∞

0

𝑡
− 

1
2   𝑑𝑡 

 Let 𝑡 =  𝑦ଶ  , 𝑑𝑡 = 2 𝑦 𝑑𝑦   

Γ ൬
1

2
൰ = න 𝑒−𝑦2

 .

∞

0

𝑦−2
1
2  . 2 𝑦 𝑑𝑦  

Γ ൬
1

2
൰ = න 𝑒−𝑦2

 .

∞

0

𝑦−1   2 𝑦 𝑑𝑦  

Γ ൬
1

2
൰ = 2 න 𝑒−𝑦2

 

∞

0

 𝑑𝑦  
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𝐼 = න 𝑒ି௬మ
 

ஶ

଴

 𝑑𝑦 = න 𝑒ି௫మ
 

ஶ

଴

 𝑑𝑥 

[I]2 = (∫ 𝑒ି௬మ
 

ஶ

଴
 𝑑𝑦)  )  ൫∫ 𝑒ି௫మ

 
ஶ

଴
 𝑑𝑥൯    

= න න 𝑒
ஶ

଴

ି൫௫మା௬మ൯

 .
ஶ

଴

𝑑𝑥 𝑑𝑦 

= ∫ ∫ 𝑒
ஶ

଴

ି൫௥మ൯
 .

π
మ

଴
𝑟 𝑑𝑟  𝑑𝜃      *  2/2 

=
1

ଶ
∫ ∫ 𝑒

ஶ

଴

ି൫௥మ൯
 .

π
మ

଴
 𝑑𝑟  𝑑𝜃       

=
1

ଶ
∫ ∫ 𝑒

ஶ

଴

ି൫௥మ൯
 .

π
మ

଴
 𝑑𝑟  𝑑𝜃       

𝐼 = 2.
√గ

ଶ
               ⸫ Γ ቀ

ଵ

ଶ
ቁ = √π 

 

EX: Prove that Γ(1.5), Γ(3.5), Γ(2.3)   

Sol: 

Γ(x + 1)) = 𝑥 Γ(x)  

Γ(1.5) = Γ(0.5 + 1) = 0.5  Γ(0.5) =
√π

2
   

Γ(3.5) = 2.5 Γ(2.5) 2.5 ∗ 1.5 Γ(1.5) 2.5 ∗ 1.5 ∗ 0.5 Γ(1.5)  

∴ Γ(3.5) =  2.5 ∗ 1.5 ∗ 0.5  √π =  
15

8
 √π 

Γ(2.3) = 1.3 Γ(1.3) = 1.3 ∗ 0.897471 = 1.1667123 

 

Note   there is a table of 𝚪(𝒙) 𝒇𝒐𝒓  𝟏 ≤ 𝒙 ≤ 𝟐 
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Gama Function of negative number is calculated by the following 

formula: 

Γ(x) =
Γ(x + k + 1)

𝑥(𝑥 + 1)(𝑥 + 2) … … (𝑥 + 𝑘)
 ൜

 𝑥 < 0,          1 ≤ 𝑥 + 𝑘 + 1 ≤ 2
𝑘 = 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

ൠ  

 

EX: Evaluate   Γ(−2.7)? 

Sol: 

Γ(−2.7) =
Γ(−2.7 + 3 + 1)

−2.7 (−2.7 + 1)(−2.7 + 2)(−2.7 + 3)
=

Γ(1.3)

−0.9639
 

 

= −0.931082 

Improper integrals can be solved in term of gamma function as 

illustrated in following examples: 

 

EX: Evaluate   ∫ √z  .
∞

0
𝑒−𝑧3

   𝑑𝑧  

Sol: 

Let   𝑡 = 𝑧ଷ      𝐶ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑡ℎ𝑒 𝐿𝑖𝑚𝑖𝑡𝑠 ቄ
𝑧 = 0,          𝑡 = 0

  𝑧 = ∞           𝑡 = ∞
ቅ 

z = 𝑡
1
3   𝑑𝑧 =  

1

3
 𝑡

− 
2
3 𝑑𝑡  

∴ I = ∫ 𝑒ି௧  . ට𝑡
భ

య .
ଵ

ଷ

ஶ

଴
 𝑡ି 

మ

య    𝑑𝑡 

∴ I = ∫ 𝑒ି௧  .  𝑡  
భ

ల  .
ଵ

ଷ

ஶ

଴
 𝑡ି 

మ

య    𝑑𝑡 

=  
ଵ

ଷ
 ∫ 𝑒ି௧  . 𝑡ି 

భ

మ  . 𝑑𝑡
ஶ

଴
  

∵ Γ(𝑥) = න 𝑒−𝑡 . 𝑡𝑥− 1  . 𝑑𝑡
∞

0
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∵ Γ ൬
1

2
൰ = න 𝑒−𝑡 . 𝑡

1
2

− 1  . 𝑑𝑡
∞

0
 

1

3
Γ ൬

1

2
൰ =

1

3
√π 

 

EX: Evaluate  
𝑥𝑐

𝑐𝑥
 .

∞

0
   𝑑𝑥  

Sol: 𝐼 = ∫ 𝑥𝑐  𝑐−𝑥 .
∞

0
   𝑑𝑥 

We can write     𝑐ି௫  𝑎𝑠    𝑒ି௫௟௡ ௖  

= න 𝑥௖  𝑒ି௫௟௡ ௖ .
ஶ

଴

   𝑑𝑥 

Let      𝑡 = 𝑥𝑙𝑛 𝑐   𝑑𝑡 = 𝑙𝑛𝑐 . 𝑑𝑥 𝑑𝑥 =  
ௗ௧

୪୬ ௖

Substituting x in term of t:   

𝑥 =
𝑡

𝑙𝑛 𝑐
 

 

𝐼 = න 𝑒ି௧   . ൬
𝑡

𝑙𝑛 𝑐
൰

௖

 .
ஶ

଴

𝑑𝑡

𝑙𝑛 𝑐
 

 

 = 
ଵ

(௟௡ ௖)೎శభ ∫ 𝑒ି௧   . 𝑡௖ .
ஶ

଴
 𝑑𝑡  

 

=
௰(௖ାଵ)

(௟௡ )೎శభ 
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Special Function Tutorial sheet 

 

Gamma function  

1- Find  Γ(5.2),   Γ(−4.6)   , Γ(4.5)    , Γ(−4.5)  

2- Evaluate the Function Integrals: -  

a. ∫ (𝑥 + 1)2  . 𝑒𝑥2
 𝑑𝑥 

ஶ

଴
 

b. ∫  
−𝑒√x

√x
    𝑑𝑥 

ஶ

଴
 

c. ∫ [ln( ቀ
1

𝑥
ቁ

௭ିଵ

    𝑑𝑥 
ଵ

଴
 

d. ∫ 𝑒−𝑥3
    𝑑𝑥 

ஶ

଴
 

 

 

Gamma function 𝚪(𝐱) 

 

Table Gamma function     Γ(x) = ∫ 𝑒ି௧ .
ஶ

଴
𝑡௫ିଵ 𝑑𝑡      𝑥 > 0

 


