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2- Euler Beta Function 𝛃(x,y):- 

Beta Function is a function of two parameters (variables). It is used in 
statistics applications. 

 

 

 

Beta Function can be represented in term of Gamma function: - 

 

 

 

 

 β(x, y) = β(y, x) 
 

 β(x, y) = 2 ∫  (sin 𝜃)ଶ௫ିଵ
π

2


. (cos 𝜃)ଶ௬ିଵ 𝑑𝜃 

 
 

 β(x, y) = ∫      
௧ೣషభ

(ଵା௧)ೣశ

∞


  dt   

 
 

EX: prove that:  ∫  (sin 𝜃)ଶ௫ିଵ
π

2


. (cos 𝜃)ଶ௬ିଵ 𝑑𝜃 =  
1
2

β(x, y)  

Sol: 

General form is  β(x, y) = ∫ 𝑡𝑥−11

0
(1 − 𝑡)𝑦−1 dt       

Let t = 𝑠𝑖𝑛𝜃2  sin 𝜃 = √t      ∴1 − t = 1 − 𝑠𝑖𝑛𝜃ଶ = 𝑐𝑜𝑠𝜃ଶ 

     dt = 2 sin 𝜃 𝑐𝑜𝑠𝜃 𝑑𝜃                                                cos 𝜃 = √1 − t   

cos 𝜃 𝑑𝜃 =
ଵ

ଶ

1

ୱ୧୬ ఏ

cos 𝜃 𝑑𝜃 =
ଵ

ଶ

ଵ

√୲

𝛃(𝐱, 𝐲) = ∫ 𝒕𝒙ି𝟏𝟏

𝟎
(𝟏 − 𝒕)𝒚ି𝟏 dt      x, y>0 

𝛃(𝐱, 𝐲) =
𝚪(𝐱)  𝚪(𝐲)

𝚪(𝐱 + 𝐲)
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cos 𝜃 𝑑𝜃 =
ଵ

ଶ
𝑡

−
1

2

𝑑𝜃 =
1

2
 

𝑡ି
ଵ
ଶ

cos 𝜃
  𝑑𝑡

∴ 𝑑𝜃 =
ଵ

ଶ
 

௧
ష

భ
మ

√ଵି୲
  𝑑𝑡   

න  (sin 𝜃)ଶ௫ିଵ

π
2



. (cos 𝜃)ଶ௬ିଵ 𝑑𝜃 

We have   sin 𝜃 = √t  

cos 𝜃 = √1 − t   

Therefore, 

∫ (√t)ଶ௫ିଵଵ


(√1 − t)ଶ௬ିଵ.   

ଵ

ଶ
 .

𝑡
−

1
2

√1−t
  𝑑𝑡    

𝐼 = ∫  (𝑡)
మ౮షభ

2
1


  . (1 − 𝑡)

మ౯షభ

2 . 
ଵ

ଶ
 

௧
ష

భ
మ

√ଵି୲
  𝑑𝑡  

= 
ଵ

ଶ
 ∫  𝑡௫ିଵ1


. (1 − 𝑡)௬ିଵ 𝑑𝑡 =

1

2
β(x, y) 

 

EX: prove that:  
௧ೣషభ

(ଵା௧)ೣశ

ଵ

ଶ
 

Sol: 

Let 𝑧 =  
୲

ଵା௧   
   𝑑𝑡 =

ୢ

(ଵି௭)మ   
ቄ
𝑡 = 0       𝑧 = 0
𝑡 = ∞    𝑧 = 1

  

∴𝐼 = ∫  (


ଵି௭  
)௫ିଵ.

ଵ

(ଵା


భష  
)ೣశ

ଵ


 .

ଵ

(ଵି௭)మ   
 𝑑𝑧  

න  (
z

1 − 𝑧  
)௫ିଵ.

1

(
1 − 𝑧 + z

1 − 𝑧  
)௫ା௬

ଵ



 .
1

(1 − 𝑧)ଶ   
 𝑑𝑧 
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න  (𝑧)௫ିଵ (1 − 𝑧)ି(௫ିଵ) 
ଵ



(1 − 𝑧)௫ା௬  (1 − 𝑧)ିଶ𝑑𝑧 

𝐼 = න  (𝑧)௫ିଵ (1 − 𝑧)௬ିଵ 
ଵ



𝑑𝑧  

𝐼 = β(x, y) =
Γ(x)  Γ(y)

Γ(x + y)
 

∴∫   
௧ೣషభ

(ଵା௧)ೣశ

ஶ


  dt  =  

ଵ

ଶ
β(x, y) 

 

EX: Evaluate:  𝐼 = ∫  x
ଶ


.  √8 − 𝑥ଷయ

  dx  

Sol: 

Let 𝑥ଷ = 8𝑡  𝑥 = √8
య

 𝑡 
భ

య    dx =
ଶ

ଷ   
 𝑡 

షమ

య    𝑑𝑡 

 𝐼 = ∫  2 𝑡 
భ

య   
ଵ


 ඥ8 (1 − 𝑡)

య
 .

ଶ

ଷ   
 𝑡 

షమ

య    𝑑𝑡 

𝐼 = න  2 𝑡 
ଵ

ଷ   

ଵ



 √8  
య

 (1 − 𝑡 )
ଵ

ଷ    .
2

3   
 𝑡 

ିଶ
ଷ    𝑑𝑡 

଼

ଷ   
∫   𝑡 ି

భ

య   
ଵ


(1 − 𝑡 )

భ

య    dt 

න  𝑡௫ିଵ
ଵ



. (1 − 𝑡)௬ିଵ 𝑑𝑡 

From general integral  

∵𝑥 − 1 = −
ଵ

ଷ   
     ∴ 𝑥 =

ଶ

ଷ  
 

∵ 𝑦 − 1 =
1

3  
      ∴ 𝑦 =

4

3 
     

∴  
8

3 
 β ൬

2

3 
,

4

3 
൰ =

8

3 
 
Γ ቀ

2
3 ቁ

  Γ ቀ
4
3 ቁ

Γ(2)
   

∵ Γ(2) = 1 
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=
8

3 
 
Γ ቀ

2
3 ቁ

  Γ ቀ
4
3 ቁ

1
 

EX: Evaluate:  𝐼 = ∫  (𝑡𝑎𝑛𝑥) ଷ.ଶ
ಘ

మ


  dx  

Sol: 

  

π

2


(௦௫) య.మ

(௦௫) య.మ

ଷ.ଶ ିଷ.ଶ

π

2



න  (sin 𝜃)ଶ௫ିଵ

π
2



. (cos 𝜃)ଶ௬ିଵ 𝑑𝜃 =
1

2
β (𝑥, 𝑦)

From general integral of trigonometric function  

2𝑥 − 1 = 3.2    𝑥 = 2.1

2𝑦 − 1 = −3.2 𝑦 = −1.1

x + y = 2.1 (−1.1) = 1

=
1

2 
 β (2.1, −1.1) =

1

2 
.
𝛤(2.1)𝛤(−1.1)

1
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  sin 𝜃

π

2


Sol: 

න  (sin 𝜃)ଶ௫ିଵ

π
2



. (cos 𝜃)ଶ௬ିଵ 𝑑𝜃 =
1

2
β (𝑥, 𝑦)

𝐼 = න   (𝑠𝑖𝑛𝜃) 
ଵ
ଶ 

π

2



   (cos 𝜃)  𝑑𝜃 

2𝑥 − 1 =
1

2 
    𝑥 =

3

4 

2𝑦 − 1 = 0 𝑦 =
1

2 

3

4 

1

2 

5

4

∴  
1

2 
β ൬

3

4  
,

1

2 
൰ 

 

1

2 
 .

Γ ቀ
3
4 ቁ

  Γ ቀ
1
2 ቁ

Γ ቀ
5
4ቁ

  =
1

2 
  

4
3 

Γ ቀ
7
4 ቁ

 √𝜋

Γ ቀ
5
4ቁ

 

Γ ൬
7

4 
൰  , Γ ൬

5 

4 
൰  𝑎𝑟𝑒 𝑓𝑟𝑜𝑚 𝑡𝑎𝑏𝑙𝑒  
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