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Response of Single Degree of Freedom System to Harmonic Excitation

Frequency domain techniques are more suitable for treating the response to periodic excitation
than time domain techniques.
The equation of motion of a damped single degree of freedom system shown in Figure (1)

mi(t) + cx(t) + kx(t) = F(t)  -ooveeee (D

where

F(t): — applied harmonic force (harmonic excitation)

x(t) = xp + xp

where Xp: — homogenous (free vibration)

Xp: — particular solution (forced vibration)

let F(t) = kf(t) = kAcoswt -+ (2)
where f(t) = Acoswt (m)
or F(t) = Fy cos wt
in which w: — excitation frequency, or driv Figure ()
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wher: " X: — is amplitude of steady-state response

» = —Xwsin wt %y, = —Xw? cos wt

then, from Equation (1)

—mXw? cos wt + kX cos wt = F, cos wt
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C, and C, are constants which are evaluated from initial conditions =0 =x,
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when = < 1 the amplitude ratio is positive and is in phase wi ernal excitation

wWn

when f— > 1 the amplitude ratio is 180" out of ph /ith external excitation
n

when —=1 “called resonance
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Response of a Damped System to Harmonic Excitation

If the system is damped (¢ # 0) the Equation (1) becomes to

The equation of motion of a damped single degree of freedom system shown in Figure (1)

mE(t) +cx(t) +lex(t) = F{t) = oovonen (D
T Fi1)
Equation (1) is non-homogenous second order D.E, then the general solu ; ’t‘m
()= + 2, i
where xp: — homogenous (free vibration) . 4 ‘2 'iJ"l :
x,: — particular solution (forced vibration) T
let F(t) be a harmonic F(t) = F,cos wt Fighite
in which w: — excitation frequency, or driving frequency ’

miX + cx + kx = Fy cos wt seeenesesenn (1)

From homogeneous part o = and % = 2{wy,

z
m

Now let x(t) = X cos(wt — ¢) = steady-state response  ¢:- is phase angle between response
and excitation

substituting (t) , x(t) and X(t) into equation (1)
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—mXw? cos(wt — ¢) — cXw sin(wt — ¢) + kX cos(wt — ¢) = F, cos wt

= 2 oy = z — @) =

or me cos(wt — ¢) cXw cos (wt ¢+ 2) + lf.).{ cos(wt — ¢) = F, cos wt
inertia dacemping spring
force for force

(kX — mXw?) cos(wt — ¢) — cXw cos (wt =+ g) = F cos wt

From this equation we can graph the following force polygon \
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then from this polygon we can extract that
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this yield wi =,/1—20% to the left of wﬂ =1

n

to find the maximum value

w Xk
—_ 00 j——

= e 0 for any value of ¢
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Then the steady state response x(t) = ki
0

+[2(win
Example
An electric motor of mass fted on an isolator block of mass 1200 kg and the natural
frequency of the total is 160 cpm with a damping factor of ¢ = 0.1. If there is an

unbalance in the motor that reSults in a harmonic force of F = 100 sin 31.4t, determine the

amplitude of vibration of the block and the force transmitted to the floor.

Solution ®
Fro
; : = amplitude ratio = X= il
[T+ [T slesl
from given data w = 31.4 rad/sec Fpb =100 N m = 1200+ 68 = 1268 kg
w,, = 160 cpm X Z—Z = 16.75 rad/sec SO Z)w; = 1361_—'71 = 1.8746

then k =wZxm = (16.75)% x 1268 = 355753 N /m
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