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Response of Single Degree of Freedom Svstem to Harmonic Excitation

Frequency domain techniques are more suitable for treating the response to periodic excitation

than time domain techniques.

The equation of motion of a damped single degree of freedom system shown in Figure (1)

mi( t )  +  c i : ( t )  +  kx( t )  =  F( t )  . . . . . .  . . ' (1)

F(t): - applied harmonic force (harmonic excitation)

Equation (1) is non-homogenous second order D.E, then the general solution o;f tl{' ^ r o
x( t )  =  x7 l  x ,

where x7,: - homogenous (free vibration) {

xo: - particr.rlar solution (forced vibration)

le t  F( t )  =  k f  ( t )  =  kA cos at  . ' . . . . ' . . (2)  ; fu
where f (t) = Acosat (m) #fu* I
or F(f) = F^ cos arf *W-#

in which

nse of Un-dam Excitation

;f'r

If the system is undamRe$& =6ffiWt

mi(t)+kx(t)ru W......
where xn = Ct.o, ,nffiC ,sin ant

on (1) becomes to

harmonic an@ ,u,e frequency co, let ltiil1 rx.itqiro,r.

-ffifr:;,Ll*orsteady-staterespons. th n
W -rrsin a',f *p = -X,'z cos att I I \ il \

because the excitation force F(t) is harmonic with

then, from Equation (1)

-mXa2 cos arf * kX cos at = Focos art

v -  F o
/ r  - -

k - m a z

,  ( t )n= E'  
\ m

frequency rr,r, the particular solution x, is also

x- = -) cos a,rtr  K -ma '

Figure 0

then
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so r(q) : itcos ant * Czsinant + ffi, c:1art
x h T

where C1 and C2 are constants which are evaluated from initial oonditions x(t = 0) : xs,

x ( t = 0 ) = v o

s o  C t =  x o - #  c r = *
,,&.

x(t) - (ro - #)cosa4,r- (#)sinar,r +# cosolt 
A Ae Wk-m@'/ " \(nn,l '- K-tn(D' 

& 
A 

q

but x -- ft-""1 * = *= Amplituae Ratio \p1 ,-tr,l = 
-*" flt>
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t<-ma' R t'r t-(#) fl4L
,e ef%

Notes ,4. W

1- when I a 1 the amplitude ratio is positive and is in pha\e wifurternal excitation
( D n - Y

2- when 
jl; 

1 the amplitude ratio is 180' out of phEryuith external excitation
0 ) n  " ' - - - - - - r - - ' - - -  ' € &

3- when 
' = L the amplitude ratiyrpo\r'called resonance&)n 

.-w)'

o & ^

(n
- < 1
(I)n

0)- = 1
a)n

(t)- > L
a)n
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Response of a Damped Svstem to Harmonic Excitation

If the system is damped (c + 0) the Equation (1) becomes to

The equation of motion of a damped single degree of freedom system shown in Figure (l)

mi(t) + c*(t) + kx(t) = F(t) """ " '(1)

Equation (1) is non-homogenous second order D.E, then the general solu

x ( t ) = x 7 * x o

where x1: * homogenous (free vibration)

xr: - particular solution (forced vibration)

let F(t) be a harmonic F(t) = Fs cos cdt

in which a;: - excitation frequency, or driving frequency

From the figure the displacement of mass (m) = I

Applyi 's s8cond law

c * + F o c o s a l t  = m *

After

From homogeneous part

ing m:i * c* * kx - Fs cos atf

Figure 0

. . . ( 1 )

and L = Z(ah
m

@:- is phase angle between response

A K
o ; = -' - m

Now let x(t) - y cos(art - Q) = steady-state response

and excitation

substituting (t) , t(t) and x(t) into equation (l)

i ' # l - , *
H I

, '" rJtl
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From this equation we can graph the following force polygon

then from this polygon we can extract that

F : Kv - +
^l[k-ma2]2 +[ca]z k

-mXa2 cos(ot - il - cXa sin(at - il * kX cos(ait - Q)

-@cos (@t - i l -  { g  cos (a , t -A+ i )+  V
inertia dacemptng spring
force for force

(kX -mXa2)cos(a. r t  -  i l  -  cXr .acos(r t  -  A * : )  =  Focos@f

Mechanical Engineering

- Fs cos @t

cos(a.rt - Q) = Fs cos arf

since

SO

and

* :  2 ( ' n ryoJ n,  @

R 0)n

: . . ( 2 )

to sketch the amplitude ratio 
ff 

with jl

ry. - 1 for any value of (
Fo

x k 1 ^

; 
: 

U 
for any value of (

this yield 3- = ,f-1- 27 to the left of 2- = I' 0)n 0)n

# 
- o for anY value of (

(t)_ + , o o
Q)n
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l,'\4{4*l*,.,,
,tq,lt*l*

To find the

obtain

maximum value of amplituderatio

Then the steady state response x(t) = I

from given data a = 3I.4 rad/ sec Fo = 100 N

@n = 160 cpm x # 
= rc.zS rad. f sec so 

*=
rhen k = atrxm= (1,6.T5)2 xtZ6B = 3SSTS3 N/m

An electric motor of -usryffig & ffi,50 on an isolator block of mass 1200 kg and the natural& - w
frequency of the total$ssefrfuis 160 cpm with a damping factor of ( - 0.1. If there is an

unbalance in the motor that r4ults in a harmonic force of F = 100 sin 31.4t. determine the

Example

amplitude of vibration of the block and the force transmitted to the floor.

Solution

= amplitude ratio N -

37'4 -  L.8746
16.75

,&eru
: & &  w

% Y
% . wru", w

in Equation (2) we

Fo/ k

['-(#)']'.[,(h]
m = ] . 2 0 0 * 6 8 = L 2 6 B k s .
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