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1.Multi-Deqgree of freedom systems:

1.1Introduction:

If we defined the degree of freedom by n, which means that if a system
has n > 3, then it will called a multi-degree of freedom system.

In this case and even in single degree of freedom , and two degree of
freedom , each degree of freedom leads to an equation of motion'and a
natural frequency. The equation of motion of the system. can be
obtained by many methods, let us take for example:

a) Newton 2™ law of motion.

b) The influence coefficients.
c) Lagrange’s equation.

1.2 Newton 2" law of motion:

Let us consider a simple linearrundamped n degree of
freedom system as shown below:
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The general equation of motion can be expressed by using
Newton 2™ law.



Z F, = mx,

mX, = - k(X - xi-1) + kig1 (X —x) + F; ,i=1,23,...n-1
Or

mX, - kg (kg t ki )X - ki X = F (1)

And the equations of motion for all masses from m; through m, can
be derived by setting i=1, X,=0,and i=n, Xy.=0 inequation (1)

Hence
m1x1 +( k1+k2) X]_— k2X2: Fl .. (2)
My Xy - KpXn_q + (K + kgt )X = By oooee (n)

Equations (2) to (n).can.be expressed in a matrix form as:

[m]{i} + [kI{x} =4{F}
Where

[m] = mass matrix

[k] ="stiffness matrix

{x} =acceleration vector
{x} =displacement vector
{F} = general force vector

m; 0 0 0 |(% (kj+ky) ko 0 0 x| Fy
0 my 0 0 X2 ks (kp+k3)  -kj 0 X F
0 0 m3 0 g p o+ 0 k3 (k3+kyg) 0 X3 0 =< Fy
0 0 0 mp, i, 0 0 -kn (kn +k p+1) in :

Fy

In most general matrix the mass and stiffness matrices are:
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1.3The influence coefficients:

Let the system shown in fig(2) be acted on by one force (F)),
and the displacement at pomt I (m;) due to F; is X.J , the
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Fig. (2)
Influence coefficients have two type.
One is called flexibility influence coefficient(a; , and the other called

stiffness influence coefficient(ki,.
For the first one (a;) is the deflection (displacement) at point i due to a unit
load at point j, and can be expressed as:

Xij = aiF;

For several force (i.e j= 1,2,3,..n) act at deferent points of the system, the
total displacement at ANY point can be expressed as:

Xi =Z7]?=1Xij = j 1Cl F ) i=1,2,3,...,n

And in a matrix form



[a]a- a.zl' 92 a,

G dpy vt o4,

And for the stiffness coefficient (kj;) could be the same case because it can
be defined as the force at point i due to a unit displacement at point j, and the
total force F; can be expressed as:

Fp=%01kiX; , i=1,2,3,..n
And in matrix form:

{F} = [K|{X} ............. (2)
where
’_k" krz ki
[k]= 1:21 kg .o ks
_!NI kﬂz k

Subs. Eqn. (2) in (1)

W} = [a]{F} = [a][K]{X}

It mean that

Where



[1] isa unity matrix , egn. (3) is equivalent to:

Ex:1.1

A three —degree of freedom system shown in fig (3) below, calculate the
flexibility and stiffness matrix.
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Fig. (3)

Solution:
When we apply Fi=1,F,=0,F3;=0
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;__ 0 0 ]
X4 11 1
Xy = A 0 0 [0}
X3 1 0
l_kl ‘ 0 0 )

andwhen F,=1 ,F;=0,F;=0

1

1 1 11
:X :—’ :X:— —_— , a :X = —_— —_
ap=X1 P a22=X2 k1‘|'k2 32 = X3 k1‘|'k2
or
1
o % 0

~

X 1 1 0
{Xz} =\ 0 (_[:::+_i_c'_) 0 i {1}
X3 1 1 0
o (&%) o

And when F;=1, F=0, F,=0

1 11 1 1 1
a31:X3:k—1, a23=X2=k—1+k—2,and, a33:X2:k—1‘|‘k—2"‘k—3

i

To find the final it can be obtained by summation of the above matrices as
follows:

Xl (—L 1
Xpp =t 0 0 k, +7c_1)

1
—4+1 1
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For stiffness matrix:

Xl =1, X2:X3: 0

So
ki1 =Fi= kit Ky , Koi=F=-k,, Kks;= F3=0

1\ [k +k, 0 01 (F
0 _kz 0 0 = {Fz}
0 0 0 0 F;

And Xo=1,X=X3=0

Ki=F1=-K; | ka2 =F,= Ko+ k3 | Ks=F3=-K3
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0 0 _kz 0
1} [0 ky+ks O

olo —k; 0

A
F

And X3=1,X=X,=0

000 0 0 F,
0} [0 0 —kq ={FZ}
F;

110 0 kg
Finally the stiffness matrix is obtained by summation of the above:matrices
as follows:

x1 kl + kz _kz O F1
{XZ} _kz kz + k3 _k3“ = {FZ}
X3

0 _k3 k3 F3




11

2.Principal of virtual work:

2.1Virtual work.

Virtual work on a system is the work resulting from either virtual
forces acting through a real displacement or real forces acting
through a virtual displacement, the term displacement may refer to
a translation or rotation, and the term force to a force or moment:
The principle of virtual work is if a system of forces acts on a
particle which is in static equilibrium and the particle.is given any
virtual displacement consistent with the constraints.imposed by the
system then the net work done by the force is zero.

So if a body in equilibrium and subjected to-a-numbers of forces
such as Fy,F,, and F5 as shown in the figure below , then it is given
an arbitrary displacement §s;,ds,, 8s5 in the direction of these

forces.
F
; T F

:
E
,f""f h\e.“\ F "

s, A
5/::.

2

Then the virtual work principle gives:

F| a.'i'| +Fj Eh’!'-'j +F3 E.’Fg =0

If the resultant of the above forces is F then with a resultant
displacement &s in the direction of the resultant force, the virtual work
principle would mean that:
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Fas =0

This can only be the case if either F or &s is 0. Since 85 need not be zero
then we must have zero resultant force F and so the condition for static
equilibrium.

In applying the principle of virtual work to a system of interconnected
rigid bodies:

® Externally applied loads are forces capable of doing virtual work
when subject to a virtual displacement.

® Reactive forces at fixed supports will do no virtual work since the
constraints of the system mean that they are not capable of having
virtual displacements.

® Internal forces in members always act in equal and oppositely
directed pairs and so a virtual displacement will result in the work
of one force cancelling out the work done by the other force. Thus
the net work done by internal forces is zero.

2.2 Generalized Coordinate & Forces:

In more complex systems it is of an convenient to describe the
system in terms of/coordinates some of which may not be
independent. Such“coordinates may be related to each other by
constraint equations . The generalized coordinates may be length,
angle, or.any other set of numbers that define uniquely the dynamic
configuration of the system. Usually designated by q1,0p, .....qn.

The Generalized forces in general certain forces act on the system
when the Generalized Coordinates g; is changed by small a mount
dqy , the work done can be denoted as U; . Then the generalized

force, Q; corresponding to g; can be defined as:
U:
Qj

-1
8q;

Note that if g; is linear displacement then Q; is a force , and when it

is an angular displacement thenQ; is a moment.

Example:
Double pendulum

j=12,....n
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. 64, and 6, are generalized coordinate , then 68, = q; +0,'= 0>

. The position of m;, m, can also be expressed in rectangular x ,y
they related by constraints .

F=xi+yi 5= 0p—x)"+= = n)?

. The rectangular coordinates x ,y can also expressed in term of
generalized coordinate 6,, 6, or

x, = lysin@; , x, = l;sinf, 4+ [,sin6,

vy, =1l;cos8, , y, =l;cos6; +1,cos0,

Number of degree of freedom (n)= Number of dependent
coordinates — Number-of constrain equation.

So for ( 2 .above) ~, Number of dependent coordinates is 4
(X1,X2,Y1,¥»), and.2 constrain equations.

n=4-2=2'DOF

and for (3 above) , Number of dependent coordinates is 6
(X1,X2,Y1,Y2, 81, 65), and 4 constrain equations

n=6-4=2 DOF
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2.3Hamilton's principal.

Consider a mass particle moving in a force field F and let7 ) is the
instantaneous position vector of the particle. From Newton 2™ law in
vector form , the actual path of the particle is described by the
equation.

d?r

ma =F or m—— -F=0. .. (D)

Now, consider any other paths where the particle is located-at t = t; and

True path OF Variable path

t =1, , such a path is of course described by the vector function
67|y = 67 =0

Now, the scalar product of &7 ,and the term of equation (1) can be formed as
{mi . 87 -F. 87} =0

Integrating from t;to t;'yield:

JimF OF dt — [FF.67 dt =0 i (2)

Applingintegration by parts to the first term of equation (2)

Letu=4dr anddv=#dt = v="r

du_d oo 9T s o qu = srar
E—a r = E— r u = or

0
tz_\ . £l tz
wm | ¥ 6rdt= m?f;y - m | Fordt

t; o t;
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Butmr. 57 == 6(7.7) = 6(5v? ) = 6T
Where

T= kinetic energy of the moving particle.

Equation (2) can be written as:
[2(8T + F. 87 )dt
1
If F is conservative then there exists a scalar function ¢ (x, y, z); such that

F.67 = d¢ or F=V ¢ where the function ¢ is’ called the potential
function and — ¢ is the potential energy of the particle in-the field.

3 ¢> ¢> a¢

And F =xi+yj+ zk

s~ OF = 6xi + 6yj + 6zk

L Fosi=29 99 9% o) —

s~ F.or = axc3x+ay§y+ 6252 =06¢

And therefore the Hamilton's equation can be written as:

t, ty
j (6T + 6¢)de=0or 6| (T+¢)dt=0
t

1 tq

Finally since ¢ = —V = the potential energy of the system.

Sfttlz(T — V)dt = 0 Hamilton principle for a single mass particle in a
conservative field.
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2.3 Extended Hamilton's Principle:

From d'Alembert's principle which states that

N

Z(Fi M) 67 = 0 (1)

i=1
Where N is number of particles.

Beginning with case in which the position vectors F;(i = 1,2, .. N)are all
independent. From equation (1):

N F— 81=6W ... 2)

Where W ....Virtula wowk of all applied forces including both
conservative and non conservative forces. And if we reduce the second term
in equation (1) to a form.

% (mln 6?) = mii"l- 6T'l' + mln&‘l = mii"l- 67"1' + 5(%"117"1)2
But §(;m;7;)?= 8T; S0
—mii‘i 6T'l' = 6Tl - % (mmSF)

Then integrating w.r.t'over the intervals.

ty
— mii"i 6T'i dt = j

ty ty

t2 ty

d . .
oT; dt—-[t1 %(min.dr) dt

Or

t2
— mii"i 6?’}: dt = f

ty ty

t 0

2
6Ti dt — mr ?".r:‘;

But the virtual displacements are arbitrary

6r, =0att=t;and t=t,
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(%) t2
o miﬁ- 57'1' dt = 6T,_ dt
ty ty

Summing up over i and integrating w.r.t , the second term of equation (1)
becomes.

- f:: YN m;# 6 dt = ft’f STdt ... 3)

from equations 1, 2 .and 3

ft’f((ST +OW)dt =0........(4)

8r;=0i=1,2,... Natatt=t; and t =t,

Equation (4) Extended Hamilton's principle.

It is often convenient to divided the virtual work §W into two parts i.e.
SW = W, + W,

Where

OW, .....virtual due to consevative force
oW, .....virtual due toonon consevative force
But

W, = =46V

V... the potential energy.

Then the Extended Hamilton's principle can be written as:

ft’f (8T — 8V + 8W,.)dt = 0
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2.5 Lagrange’s Equation:

Potential and Kinetic Enerqy in Generalized Coordinates:

Considering a system with n degrees of freedom, generalized coordinates
refer to any set of independent coordinates equal in number to the n degrees
of freedom of the system under consideration. , the generalized coordinates
are denoted by gi, i =1, 2, ..., nand are used to express the scalar notion of

kinetic energy T and potential energy U.
Potential energy U of a mechanical or flexible structural system typically

only depends on the position of the system. Kinetic energy T.typically
depends on velocity, but may be also be position dependent:“In terms of
generalized coordinates gi, i =1, 2, . . ., n, the scalar notion of kinetic energy

T and potential energy U can be expressed as functions

T = Tlgq..... q,,tq'u ~~~~~ Gn) (1)

u = L{QJ':]'HJ
that depend on the generalized positions q; and generalized veloeity ¢; for @ =
1,2,..., .

Derivation of Lagrange’s Equations

Considering an conservative system, where all external and internal forces have
a potential. In that case, the sum of kinetic energy T and potential energy U
will be constant and the differential is equal to zero:

dT+U)=0 (2)

The above equation is basically a statement of the principle of conservation of
energy. With the kinetic energy T and the potential energy U written as in (1),
Lagrange’s equations can be derived by summing up the kinetic and potential
energy over all generalized coordinates ¢;, i =1,2,..., n.
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With T and U given in (1) it is easy_' to see that

dU = Z a_th Q1s-- - qn)dg (3)

and

n mn
a a
dl = T(q1.. . Gn.Gls-...0n)dg; —T (G s Qra Gls e s G )dg;
;aqi (q1se- s n, @1 ,q)q+;6qi (@ Gny s - Gn)dg
(4)

In the remainder of the derivation, the arguments g; and ¢; of U(-) and T'(-) are
dropped for brevity.

The second term in dT" depends on perturbations dg; (the generalized ve-
locity) and can be eliminated by considering the equation for kinetic energy
(3mv?) in generalized coordinates

1 n n
= 52271:,11),% (f

i=1 j=1

o
—

where m;; denote the coefficients of the mass matrix in generalized coordinates.

discussed is deferred to later in this document. For now it suffices to know that
m;j = mj; and differentiation of T' with respect to ¢; gives

5q! Zm”qj, i=1,2,.
=1

The result can be back substituted into the expression for the kinetic energy T

in (5) to obtain
1~ T .
20"

The second term with d¢g; can be eliminated from (4) using the product rule:

2dT = Zd( )%—FZ

and subtraction of (4) from the above equation yields

= Zd(aqe)% Zﬁ

i=1
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n 6]1 . i1 aj—l
dT = ld(aéi)qi—;%dqﬁ

Further simplification of this expression is obtained by the fact that

ar\ . d (0T
(i) = (7)o

" [d [oT oT
ﬂﬂ:;[a(adi)_aqa'

With (3) and (6), the equation of conservation of energy (2) now becomes

making

dgi fﬁ)

" [d [oT T oU
AT +0)=3 {E (8@-) " Bg, ' 0g,

] dg; =0
i=1

Since g; denote the generalized coordinates that are a set of independent coor-
dinates, the above expression is satisfied if and only if
d (0T ar  ou .
= —_—t—=0 t=1,2..., n (7)
dt ()(], ()q, ()([,'
Equation (7) constitutes Lagrange's equation for a conservative system, where
all external and internal forces have a potential. For systems that are non-
conservative, Lagrange’s equation in (7) can be generalized by including a non-
zero right side term
d ( aT ) or oU . 5

—_— =) —F+—=Q;, 1=1.2,..., 8
dt \ Oq; dq;  Ogq; diy 3 & (8)




