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4.2Torsional Vibrations of uniform bars:

For torsional vibration very similar maths applies to that developed for axial vibration. For
uniform bars there are only four parameter differences, E is replaced thronghout by G: A by I F
by T and u by 8.

. a2 2N
The receptances are then the same as for the axial case but with #° =pw™ /G thus for

Free/free
B(x)  coskx 1)
Ty GhsiniL
cosiL
Ty GlismiL
ewo'____ 1 (3)
Ty GhsimpL.

free/free (torsional)

The natural frequencies are thus when sinAl. =0 which is when AL =nm and n =0 — .

}u=(DJE
G

’ G
w ﬂL =nn and hence w, = 2R = n=0—sw
G L

p

Substituting for
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Clamped/free ( Torsional forced)

O(x) STVEN
Ty Glhcos?L
O(L)  smAL

Ty "~ AEAcosiL

The natural frequencies are thus when cosiL =0 which is when 2L =
n=]l—->x,
Substituting for
A= m"ﬂ
G
P 2n -1 Cn-Dn |G
o,|—L = n and hence ) ==——— |— n=|1—x
G 2 P
I- Barundary ] A left end i ¥
condition fr=m M :-E:lﬁnd
- i
Fixed and ﬂ: il ) =1 :? F, ) =0
P e=t
|
Free end C— Zoa=0 C— #in=n
&) r=] )
End torsianal - & 5B & .
~ spring i3 1) = k0.1 E@\% GIEh th= ~ &, i, 1)
[spring cunssient = k) /]
5 == X o= T={
End torsional a = 2 - &
domper G000 = 5 2.0 @—g G e -
{dumping constant =g 7 e T A e L) L3l
=1 x - |
. End el [ A dn
inertia irs| =15 L
i ) @3 J_‘i[ﬂ.ﬂ '!l'-h-m"} % Wﬁﬁ_r}-\_ﬁ%m”
I =1 x=l

Table(2) Boundary conditions for torsional

2n-1

b

and
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4.3Transverse vibration of bars:

Consider a bar on transverse vibration the formulation of its equation of
motion can be carried out as follows:

Figure (1)

The analysis to be presented is based upon the Bernoulli-Euler equations and
ignores shear and rotary inertia effects. An element of a shaft is shown in
above figure . Applying Newton 2" law the v direction for small
deflections

ZFzma

82V

S—-(S+dS) + wdx = pAdez- p—
Where
S ... Shear foree:
P ... Material density.
A ..., c.S.a
V . Deflection of the bar from static.
We...... weight per unit length.

Equation (1) reduced to

ds o*v
—_— W =pA— (2)
dx P o
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Since rotary inertia effects are ignored the sum of moments on the element are
zero so that

D M=o

Sdx+ M +dM-M=0

and therefore

dM

S= _K ........................... (3)

From simple bending theory

where E 1s Young's modulus and I is the second moment of area of the section.

Substituting ( 4) n ( 3) gives

('}3‘»'
S=-El—¢ .. (5)
):4
and substituting this value for Sin ( 2)
oty a2y
—E;[j- + W= pAT
X dt
and rearranging gives
82v+ El o'v w 6)

The right hand term results from gravity and results in a deflection from the weight of the bar. If
v is taken to be the deflection from the static equilibrium position then the nght hand term

becomes zero so that,

a*v  EL a'v 0 @
—_— —'ﬂ Ll ¥ e ST OR FeTe PR PRty
ar” pA dx )
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m Atleft end (z = 0)
—

Free end Er35(0.0=0 B (L) =0
(bendisg mosseat = 0, 5 a0

: | se— Y
Beaforce «0) | 5= f;(u?g)h.,,-o x=l .’;(8"&)|a., o

(ﬁmo w(0,0) =0 w(lwo
sope=0) a Eo.0%0 E,

=0
=] w \
Simply supparted ond M= =0
prvc gy .‘Fﬁon 0 wil, 1)
bonding moment = 0) | 5";';!'(0-0'0 % BE!(M-O
N=0 aw]

Signgend | E.0.0 E.)=0
(skope = 0. b 3 d
shear foee = 0) .%-o ert3)] =0 xi L(e33)] 0

Endsaring ;:5';(5"5)'(0.»' —] i'i(agnu.o'

(spring constant = ) k3 = kw{0.1) Fh +hwilo
= #egee N ErSE =0
’ & ()] el q e
umﬁ:m:-g L 500 ¢ scEun
cen  Uppe0 Crat BRSO
(m[:“::uh o ﬁ(ﬂ%‘s)l‘“-ﬂ' o %(Eli’,)"m-
wgﬂp&mﬂd .: ‘Q%‘“-" —® )
"0 ofieaso U paee
Eainmsvay | B B0 b s:igu.n-
g, |1 uar |
of inerte = L) 20 3.("&-)lnn i iler i?)lu.n
m g(o ) -nv(l (]

Table (3) Boundary condition for the transverse vibration of beam.
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Free Vibrations

Steady-state sinusoidal motion
For small amplitudes it may be assumed that v{x.t) = Vix)e

ik s g : . - .
which 15 a sinusoidal vibration

with an amplitude varving along the bar.

Substituting in ( 7)

%
] \(x)+£d—?—} 0
PA

i) pAw” i

thus ——- Vizx)=0
ax
and the general form of the solution 1s
Vix) = Acosix + Bsindx + Ceoslox + Dsinlidx i, (8)

; DA .
where 2.} = fT and the values of A, B, C and D depend on the end conditions of the bar.

So eqn. (8) is sued for free vibration Transverse.

Ex:4.4 free/free (free vibration)

From table 3 get the boundary conditions.

Forafreeend S =0 and M = 0 (ie. no excitation)

From equation ( 4)
M= EI—Z- so that —Z 0 and hence —Z_ 0

and from equation ( 5)
a’v v V()
S = -EI=—7 so that =5 =0 and hence =
ox” Jx Jx
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Natural frequencies of a free/free bar (ie. no excitation at either end)

equation ( 8) gives
V(%) = Acos?x + BsinAx + Ccosh?x + Dsinh?x

differentiating with respect to x

IV (X)
ax

= -A2sinAx + Bicosix + Cisinhix + Dicoshix

and again

2
9=V . . . C s
—(zﬁ = —Ahzcos/\x - B}\2 SINAX + C)\zcoshnx + D)\2 sinh?.x

Jx

and again

IV _ p3singx - BRcosix + Chsinhix + Dicoshy
?—— L SINAX - bA COSAX + L sInhAx + . COsSnNAX

.2 -3
. a=Vv(o a’Vv(0 L
x =0 1s a free end so ?(—) =0 and —g—) =0 which gives
X ¢
a*V(0)
L = A C =0 o (a)
ox”
V(0
,E):-B+D=O ............................................................. )
X"
- N
dJ= V(L a’v
x =L is also a free end so T(r) =0 and TEL‘F) =0 which gives
X X"
5
d= V(L . . R 22 .
—(r) = —A}uzcos)hL —B}gsm}LL +CA200511AL +DA25111h)LL =0 i (©)
0x~
Y . . 3 3
ﬁ(L—) = A}?smhL - B}»3 cosAL + CA3smhAL +DMcosh?il =0 (d)
X

As there is no excitation the four equations (a), (b), (¢) and (d) will give non-zero values for A, B,

C and D only at natural frequencies.
From (a) C=A and from (b) D =B so substituting in (¢) and (d)

—A?»zcos}l, . B?uzsiu)l, + A?\.z coshiL + B}\.ES]..I].}.I)‘L =0
AXsinAL - BA 3 cosiL + A»sinhal. + B2 3coshaL =0
and rearranging
A(cosAL -coshAL) + B(sinhL —sinhAL)=0 ... (e)
A(sinAL +sinhAL) - B(cosAL — coshAL) =0 oo, (H)
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from (e)

B A(cosihL -cosh?L) (@)
B T g

and substituting in (f)
; : v A(coshL -coshiL) .
A(smaL +sinhAL) + — - (cosiL —coshilL) =0
(sinAL - sinhAL)

5 sinZAL -sinh AL + (coshL - cosh)mL)2
(sinAL - sinhAL)

=0

R R 9. . . .
sin“AL -sinh“AL + cos“AL — 2cosilcoshAL + cosh~AL
(sin?L - sinh2L)

A 2(1-costLcoshil)
a (sinAL - sinhAL)

Thus A = 0 1s a solution and there is no motion which is not unexpected as there is no excitation
or when
1= coshLcoshil =0 oo (9

or A may have any value and vibration occurs, Thus equation (9) 1s the natural frequency
equation for a free/free bar. As expected there is an infinite set of solutions since the system has

an infinite number of degrees-of-freedom. The lower value solutions are,
From table 4 with respect to‘egn. (9).

AgL=0.0; ML=473; AL=7853; ML =10996; A,4L=14.137; *&isL=17.279;
AgL =20.42;

2 AL)>
: Awm AL EI
sifica Y = P rearranging gives o = (—L,)— e Thus the lower natural frequencies are,
B 2
" o 22:37 {EI ;i 61.67 |EI 5 120.9 |EI ™ 199.9: 1 EIL .
—] MO = —_— o = D,,2 = — e ]
n0 nl L_7 P A n2 12 o A n3 LZ o & n4 12 o A
© 298.6 [EI © 417 |EI
g = — =—_[—
ns LZ pA n6 12 YpA

The zero frequency mode is expected because the system 1s free/free.

Mode shapes of a free/free bar

Each natural frequency has an associated mode shape. These are found from equation ( 8)

V(x) = Acos’x + Bsinix + Ccosh?x + Dsinh}x
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. A(cosiL -coshil)
withC=A and D=B and B = -=—— - so that
(sinAL - sinhAL)

V(x) = A(coshx + cosh2x) + B(sinAx + sinhAx)

and
Vx- A (sinAL - sinhAL X cosix + cosh?x) - (cosiL - coshAL XsinAx + sinhAx)
S V(X)) = - —
(sinAL -sinhAL)
L . : A
since it is the "shape" we are interested in then the value of ————— may be any value

(sinAL - sinhAL)

and the mode shape 1s given by,

V(x) = K[(sin?\L - sinh2L)(cosAx + coshix) - (cosiL - coshAL)(sin2Ax + sinhAx )]

— First non-zero mode

E"“‘"-——____---""’- Second non-zero made
o %‘___f sl % Third non-zero mode
B - " 1_7 Fourth non-zero mode
-f !; - i \ i q- Fifth non-zero mode

Sixth non-zero mode

Mode shapes of free/free bar
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Ex:4.5 Clamped/free bar (free vibration)

Natural frequencies and modes of a clamped/free bar

If a similar analysis is completed for a clamped/free bar with the clamped end having no

deflection and no slope it is found that the natural frequencies are given by,

1+ cospilcoshAL=0 ............ccccoc.i.. (10)
From table 4 .with respect to egn. (10).

Again as expected there is an infinite set of solutions since the system has an infinite number of

degrees-of-freedom. The lower value solutions are,

AL =1875: AL =4.694; a3L =7.854; A 4L =11.0; hsL =14.14; 1L =17.28;

4 pAo’ (L) .
since A = = rearranging gives = T p . Thus the lower natural frequencies are,
3.5 EI 22 .03 EI 61.7 EI _ 120.9 EJ
Wy = T s Wp2 = T Wp3 T > Wpg = T pA
199.9 EI 298.6 EI

W,5 = —_ 0
ns _LZ_ A Dp6 = _Z_ pA

Each natural frequency has an associated mode shape given by,
V(x) = K[(sinKL + sinh#l)(cosAx - coshix) - (cosAL + cosh?L)(sinix - sinh?\x)] ....... (1D

m——— First mode
s T Second mode
o i Third mode
Fourth mode
Sixth mode

Mode shapes of a clamped/free bar



