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End condition Frequency Equation ML AL sl ML

Pinned- Pinned sink ,L=0 18 2n 3n 47

Free- free CcoSA nLcosh AL =1 4,730041 7.853205 | 10.995608 | 14.13716
Fixed-fixed cosh pLcosh AL =1 4.730041 7.853205 | 10.995608 | 14.13716
Fixed-free cosh pLcosh AL =-1 1.875104 4691091 | 7.854757 | 10.99550
Fixed=pinned tani ,L-tanh A,L =0 3.926602 7.068583 | 10.210176° 13.35196
Pinned-free tani ,L-tanh A,L =0 3.926602 7.068583 | 10.210176 | 13.35196

(AL = 0 for rigid body mode)

Table (4)Transverse Vibration

FROCED Vibration.

Ex:4.6 free/free bar

It is informative and useful to obtain the responses of a bar when excited at one end. Consider a
free/free bar with a sinusoidal force applied at one end.

- it
For an exciting force at one end. eg S = Fe'™ atx=L
$*V(x)
If there is only an exciting force at the end then there will be no moment and so ——=—=0 as
ax”

for a free end.

From figure 1 it should be noted that at the right hand end when x = L (the length of the bar)
the force S is in the same positive direction as v.

-3.. -3..
Thus for x = L when S = F ' from( 5) S~ —EI% sothat Fpe' = —EI%
ax ox
23v -3vs
ot "V(x) V)  Fr

substituting for v(x,t) = V(x)e " gives F; = -EI——=— and hence ———= - T
Ix ax
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Eqn. (8) gives.

2% 3xs
When the excitationisatx =L thenx =0is a freeend so %;O—) =0 and %g’ﬂ =0 which
X X
gives
>
a=V(0
—(;—) A FC =0 e (a)
ox”
3y
a V(o
—_g—) =-B+D=0 e (b)
Ix
, a>V(L) PVL) FL
Atx=Lis aforced end s0 ———=0 and ———= I which gives
dx dx
a2V(L)
_6'2_ =-AcosiL -Bsin?L + Ccosht. L + Dsinh?L. =0  ....cccvivievieinnnenn, (h)
X
3vs
%%L—) = AXXsinAL - BcosIL + C sinhAL + Dr coshil = —% .................. (i)
X

The four equations (a), (b). (h) and (i) allow the constants A, B, C and D to be found.
From (a) C=A andfrom (b) D=B so substituting in (h) and (1)

And solved to find that:
m? ,El 4  NFE2L1)
= — [— 2
Wn =72 pA (n* + w2 Bl )

P,

Deflected shape of free/free bar excited at one end.
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5.Computational Methods

5.11teration method.

Matrix iteration is an approach for finding the Eigen values and Eigen
vectors of a multi-DOF system depends on the subspace iteration method.
The method is applicable to the equations of motion formulated by either the
flexibility or by the stiffness matrices.

The equation for normal mode vibration is

1
[D]{x} = A{x} ........ (1D where A = E
{x} istrial vector ,and [D] = [k]"*[m] ..dynamic matrix
5.1 Example:

For the system shown in the figure , writethe. matrix equation based on
flexibility and determine the lowest (first) natural frequency using iteration
method.

X
—_—:

- —— X
3K

Solution:

Since [a]= [k]~ ! by setting x;=1 and x,=x3=0 then X,=1 and Xx;=X3=0 ,and
X3=1and X;=x,=0 the stiffness matrix is obtained as:

4 -1 0
:k[—l 2 —1]

0 -1 1

kl + kz _kz 0
[kl =| —ks kyt+ks —k;
0 _k3 k3




o 1 1 1 ~ 4 0 O
=~ [al= [k] =1 4 4 ,[ml=m|0 2 0
0 4 7 0 0 1

From equation (1) [D]{x} = A{x}

1
1
0

So

4
4
4

NG

(o0]

1114 0 O
4110 2 0

7110 0 1

X1 3k X1
Xob = —2 X2
x3) TMO7 (x,

17 (*1 - X1
4[\¥2( = — {Xz Note that [D] is not symmetry.
71\X3 X3

After preparing the above equation the following procedure to be follows.

1.

Assume a set of amplitudes for the left column.

Let it to be
0.2

{x} = {0.6}
1.0

4 2 17(0.2 3.0
2 [4 8 4]{0.6}= {9.6}
4 8 71\1.0 12.6

Normalize the new column by making one of the amplitudes equal to
unity (Dividing each term of column by 12.6).

3.0 0.238
9.6 = 12.640.762
12.6 1.000

The procedure is repeated with the normalized column until the
amplitudes stabilize to a definite pattern.

4 2 17(0.238 3.476 0.247
4 8 4[0.762; = {11.048; = 14.04840.786

4 8 71\1.000 14.048 1.000



57

4 2 17(0.247 3.56 0.249
4 8 4 {0.786* = {11.267} = 14.276{ 0.79 ¢
4 8 71\1.000 14.267 1.000
4 2 17(0.249 3.576 0.249
4 8 4 { 0.79 ¢ = {11.316} = 14.316{ 0.79 ¢
4 8 7111.000 14.316 1.000

After some iteration

K~ 14316 or Wpy = 0.457\/% and the corresponding mode

mw?

shape is

0.249
1.000

Converge to higher modes:

From the expansion theorem , let the assumed trial vector is expressed in
terms of the normal modes ¢; as shewn below.

{X} = C1¢1 + C2¢2+C3¢3 + T (1)
Where
¢c; are constants

Now, pre-multiply equation (1) by ¢T[m] where ¢ is the first normal
mode.

Hence

@1 [ml{x} = c;¢{ [mlp; + c,1 [m]po+c39] [m]ps +.....

Due to Orthogonality, all terms on the right hand side of this equation
except the first term are zero.

O m]{x} = ;@I [m]P; ...... (2)
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To remove ¢, from equation (1) let ¢; = 0 in this case
¢TI [m]{x} = 0 this called the constraint equation
And for a system of 3DOF
m1 O O xl
¢1[mlfx} = {xi x2 X%}[ 0 my O “xz} =0
0 0 ms X3
Or
€1 = Myxixy + Myxax,+maxdxng = Y3 mixix; = 0. v . (3)

From equation (3)

X, = ’"2( )1 Z—j(i—j)%@ ....... (a)
xz = xZ ........ (b)
X3=Xx3 . @)

Or as a matrix form

ay [0 —=EDY SEE)!
Xyt = 0 1 0 xZ = [S]{x}
¥ o 0 1 *s
Where [s] = sweeping matrix which is used for removing ¢,

Now , by replacing {x} on the left hand side of equation [D]{x} = A{x}
becomes to

[Dlls]{x} = Afx}

Iteration of this equation now sweeping out the undesired ¢p; component
and converges to the second mode &,
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5.2Example:

Find the second and third mode of vibration for the previous example.
Where 1; = 14.32, and

0.25 4 0 0
¢1={0.79},[m]=m0 2 0
1.000 00 1
_Mp Xy Mg Xag _2m 079y _m 1.
B 0 my (xl) my (xl) B 0 4m (0.25) 4m(0.25)
[s1 =10 1 0 =lo 1 0
0 0 1 0 0 1
0 —158 —1
=lo 1 0
0 0 1
And
4 2 11]0 —158 —1] [0 —432 -3
Dlls]=4 8 4|lo 1 ol=o 167 o
4 8 71lo o 1 0 167 3

[D][s]{x} = Afx}

0 —4.32 -31(* X1
0 1.67 0 3X2p = A{X2

0 1.67 3 13 X3

Now , we start the same iteration procedure to find the second mode
So
Assume a set of amplitudes for left column

0.5
Let {x} = {—0.2}
1.0

The first iteration then becomes
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0 —432 -=37(0.5 —2.136 —0.801
lO 1.67 0 |{—0.2¢ ={—0.334; = 2.66 {—0.125
0 1.67 3 1.0 2.66 1.00

Then after a few more iteration it converge to

—1.00 - —1.00 p —1.00
3.0{ 0 }=mw2{ 0 sown2=\/;and ¢,=7 0
1.00

1.00 1.00

For the determination of the third mode, we impose the condition c;=.c,=0
The general form of equation (3)
Ci=Y mxix;=0 for ci and ¢,
Ci=Yi_ mixlx;= myxix; + myxix,+myxix;
=4*0.25%x; + 2%0.79% x5+ 1% 1.0 x5

_ 3 2. _ () (2) )
Co=2i-ymixix; = myx; X1+ myx, X +mgx; X3

=4* (-1.0)*x; + 2% (0)* x, + 1% 1.0 % x5
From these two equations we.btain
xl = 0.25 X3 ,xZ = _0.79 X3 , X3 == X3
Or as a matrix form
X1 0 0 02517(*
X2: =10 0 —0.79[3%2
X3 0 0O 1.00 1\x3
[Di[s]{x} = A{x}
4 2 1110 0 0.257(*1 - X1
4 8 4|10 0 -—-0.79|3x2 =— X3

4 8 7110 0 1.00 f\x3 X3

Now, for the above values of x; = 0.25 ,x, = —0.79 , x3 =1.00
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4 2 1110 0 0.257(0.25 - X1
4 8 4||10 0 —0.79]1—0.79; = 1.68 = X2

mw?

4 8 7/l0 0 1.001V1.00 X3
So
” 0.25
Wp3 = 1.34\/% and ¢z =1—0.79
1.00

5.2 Transformation of coordinates
The matrix equation for the normal mode of free un damped vibration is
generally Written as:

|—w?[m] + [k]]{x} = {0} .. - (1)
Pre-multiplying equation (1) by [m] -1

[—w?[1] + [m]7[k]]{x} = {0}

Where 1= w? , [D] = [mm]=}[k] = dynamic matrix
Now, Pre-multiplying-equation (1) by [k]™!

[[D] = ANJ6} = {0} e (3) A=
Where [D].and” [D] are different , but both called dynamic matrix., generally

[D] and [D] are not symmetric, so to obtain the standard form of the equation
of motion_we introduce the following transformation of coordinates .

{x} = [U]"H{Y}
Where U is called upper matrix
~ equation (1)can be written as:

[-A[m][U]~* + [K][U]"*]{Y} = {0}
Pre-multiplying this equation by [U]™T
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[-2 U177 [m][U]~t + (U TIkI[U] Y} = {0} oo s e

Now,
1. decompose [m] = [U]T[U]

~ equation (4) become

[—A[1 + [UT"[k][U] ]y} = {0}
2. decompose [k] = [U]T[U]

- equation (4) become

[ (017" [m][U]~" + AU]J{Y} = {0}

Both equations are in the standard Eigen value form.

Note:
If the mass matrix is diagonal (lumped —mass)

my; 0 0 vimyq 0
0 0 ms3 0 0
And
1 0 0
/\/m11
_ _ 0 1 0
[U]1= [U] T = /i
0 0 1 /
\/M33

(4)
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5.3Example:
For a 2DOF system if [m] = [ (1)] and [k] =k [_31 _11] find

the natural frequencies and normal modes using the decomposing of

mass matrix.
P
K
_— om
2K
Solution:

Since the mass matrix is for lamped mass.

1
2 [U] = [M]"2 =x/ﬁ[‘é§ (1’] and [U]"*=[U]T =vim[ Iz 0]
0 1

= U Im][U]™ = U] O] Ol = 1]

SO
[-AL1 + [U]-"[k][0] 7] {2} - {8}
2 K 1/ —1 1/ ol
=l_w [1]+E (;/E 1][ (;/E 1”{Yz}=
Y,

o [ B |

mat
137_07 _10—7(2,7|_{} = q%-25q+1=0

g, =052 w, = 0.707[ b, = { ;} (07
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) - ¥ (1) _ (—1.414
gy = 20> Wypy = 1414‘\/; ,¢>z - {YZ} _{ 1.00 }

Now. We have the mode in the Y coordinate to change it to X
coordinate

0.707 —-1.414
Yl =
[ ] 1.00 1.00
[X]: [U]—1Y: [0.707 —1.414 [0.707 0 ]: [0.5 —1.00
1.00 1.00 0 1.00 1.00 1.00

5.3 Cholesky Decomposition:

When [M] or [K] is full matrices (i.e not a“symmetric matrix) [U]
and [U]~! can be found from the Cholesky Decomposition as follows:

Write [M] = [U] [U]T or [K] = [U] [U]X as:

(1" [U] = [M]

0 Uy Uz My Myy Mpyg

u;; 0 0][”11 Uq2 u13] [mn miz m13]
0 0 " us; my3 Mp3 Mg33

[u]* [U] = (K]

U . 0 0 Jr%11 U2 Uz ki1 kiz ki3
[u12 U, O ] [ 0 Uy, u23] = [klz k2, k23]
Ugzy Upz  Uszll 0 0 us; kiz ki3 ki3

The inverse of the upper matrix is can be determined from

i) =11



5.4 Example:

A three —story model building shown in the figure below for which the

equation of motion is

w2m400
—k020+
0O 0 1

Reduce the equation to the standard form by decomposing the stiffness
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T — X

2mEl —— X2

T — X
3K

4 -1 O X1 0
-1 2 —=1||y¥2¢ = {0}
0o -1 1 X3 0

matrix according to the Cholesky Decomposition.

Solution:
Step 1
T _
[U] [U] = [K]

U;; 0 0 71 Wiz U3 kiw kiz ki3
U, Upy; O 0 Uy x| =|kip ki ko
[Ug3n Az Uzzll O 0 us3 kis ki3 k33
)

U1iq U11U12 U11Uq3 4

2 2 _
Ui1Uq2 ui, +u;z, UgpUyz + UpplUps | = |—1
2 2 2

[(Up1Ug3 UgpUg3 T UpplUpz U + UZ3 + US3 0

Hence



66

Uyjp U2 Ugs 2 =05 0
[Ul=]0 up u23‘=[0 1.3228 —0.7229‘
0 0 ‘ussl 1o 0 0.6547
Check by substituting back into [U]T [U] = [K]
Step 2:
Find the inverse of [U] from
[U1u1= =[]
2 —05 bi1 b1z b3 1 0 O
[O 13228 —07229” b22 b23]=[0 1 0]
0 0.6547 b3 0 0 1
0.5 0.1889 0.2182
[U]—lz[bij]z[o 0.7559 0.8726
0 0 1.5275

Check by substituting back into [U][U]™! =

Step 3:

[1]

A cording using the decomposing the stiffness matrix [K]

[[U]7T [m][U]™?
SO

[U]7T [m][U]~*
0.5 0 0

0.1889 0.7559 0 ]
0.2182 0.8726 1.5275

1.00 —0.3779 0.436]
=10.3779 0.7559 1.484
0.436 1.4840 1.5275]

Step 4:

ALY} = {0}

4 0 0][0.5 0.1889 0.2182
0 2 0]l 0 0.7559 0.8726
0 0 1/LO0 0 1.5275

Note that is a symmetric

The equation of motion is now in standard form but in Y coordinate
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1.00 0.3779 0.436 1 0 01|V 0
0.3779 0.7559 1484 |———|[0 1 O0f[{Yz2{ =10
043 1.4840 1.5275 0 0 1lfly; 0

5.4Jacobi Diagonalization method:
From previous chapter we know that the assembling of the orthonormal
eigenvector {¢} in to the modal matrix [P] gives:

[P1"[M][P] =[I]

And  [PY"[K][P] =[4] =

~ 0 0
0 w? 0‘
0O 0 -

The Jacobi method is based on the principle that any real symmetric matrix
[A] has only real Eigen values can be diagonalized. The method is
developed for the standard Eigen problem equation:

[[A] = 2[1]{Y} = {0}

The k™ is iteration step is defined by the following equation .
[RIk[AIRL=[Al, k=1

Then

[R1+1[Alik[R]ic+1= [Alsr, k=12, etc

Where

cosf —sinf

[R] is rotation matrix ,for 2x2 matrix :[sin 0 cosf

Notes:
1. The rotation matrix [R] used to rotate the axes through an angle 6.
2. Since [R]T[R] = [R][R]T = [I] = the matrix [R] is orthonormal.

3. If[A]= [ZE Zzz]:ZXZ matrix , i.e. there is only one off-diagonal

element a,,, and the Eigen problem is solved in a single step.
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Or

T _ [cos@ sinf][@1 Giz][cos® —sinb :[11 0 ]
[RIV[A][R] [—sine cos 9] [a12 a22] [sinG cos @ ] 0 A,
So,
A =ag;c08%0 +2ay,sinfcosf +a,,sinf ... (a)
A, = ay,8in?0 — 2 a,,sinf cosO + a,, cos? @ ...... (b)

0 =-(a;; — ayy) sinfcosf + a;,(cos? B —sin? H) ....(c)
From equation (c)

. . . . 26
Since sinf cos = sin 26 , and cos2 @ — sin? @ = ==
Then

2a
tan 20 = 12
aip — Q2

4.The Eigenvector corresponding to the two Eigen values are represented by
the two column of the rotating matrix [R]'which is equal to [P].

Generally for "™ order matrix , the rotation matrix [R] is a unit matrix
[1] with the rotation matrix superimposed to align with the (i,j) off-
diagonal element to be zeroed . For example to eliminate the element

as s in a 6x6 matrix', the rotation matrix is:

[ 1 0 0 0 0 0]
0 (1 0 0 0 0
cosf 0 -—sin@ O

_10 0
[R] = 0 0 0 1 0 0
[0 0 sin@ 0 cos@ OJ
0 O 0 0 0 1
Where
2ai; 2 . )
tan 20 = —4 = 2% ,i1=3 ,j=5

aji— ajj az3— dss
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Example 5.5
The system shown in the figure below which a 3DOF mode building for

P — X
K
—_—X
K

- — X
3K

which the equation of motion is.

w?m 4 0 O 4 =1 017|(*1 0
% 0 2 O|+]|—-1 2 —=1{[3X2;=10
0 0 1 0 -1 1 1|3 0

Use the Jacobi method to find its Eigen values and Eigen vectors .

Solution:

This equation is non standard Eigen problem, so to reduced it to the standard
form, using the decomposing of mass matrix.

Since

V4 0 0 2 0 0
= [Ul'=]0 V2 0/|=]0 1414 0
o o il 0 0 1

. 05 0 0
wrA=prr=| ¢ lmm ° [0 0.707 0]

1 —0.3535 0
—0.3535 1 —0.707
0 —0.707 1

L U] =

So the standard form of the equation of motion becomes as:
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[=A[1] + [AI{Y}{0} or

1 —0.3535 0 Y, 0 _ _
—AlI] +]-0.3535 1 —0.707|[{Y,¢t ={0t But inY coordinate
0 —0.707 1 Y 0
N A_wzm
whnere A = X

Now, the method start

Step 1.
First zero the largest off-diagonal term , which is a3 = _¢ 797
o tan20 = 2a;;  __2ap3  _ 2(=0707) _ +oo

aji— ajj  Az2—0Asz 1-1

20 =90° = 6 = 45° cos45=sin45 = 0.707

1 0
~[R]; = [0 cosf —sin 9] [0 0.707 —0.707]
0 sin@ cosé@ 0 0.707 0.707

0 -0.707 0.707

—-0.25  0.25
0.25 0.2929 0 note that a;; = a3y #0
0.25 0 1.7071

-0.707 1

- [A] =

Step 2. Zerotheterma,, = —0.25 ,i=1,j =2

tan 20 = = = = —0.707
an a;; — a” aiq1 — adyo 1—-0.2929

cosd —sind 0 0.953 0.3029
6 =-17.63° = [R], = |sin® cosH —0. 3029 0. 953
0

0

1 —0.3535 0 1 0
0 0. 707 0. 707] [ 0.3535 1 —0.707] [0 0.707 -0.707
0 0.707 0.707

0
1

|
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0 0.2134 0.0757
0 0.0757 1.7071

1.097 0 02383
« [Al, = [RIz[AL[R], = [ ]

Step3.

To complete the first sweep of all the off-diagonal term zero the term a5

e = @, ay—ag 1097-17071

0 = —18.998° = [R]; = 0 1 0

—0.3255 0 0.9455

0 1 0
sinf 0 cos@

[cos@ 0 —sin@] [0.9455 0 0.3255]

1.0147 —0:0240 0.0
~ [Als = [R13[AlL[R]s = |-0.0240 0.2134 0.071
0.0 0.071 1.817

—0.0240, 0.071 = 0 so we can say' the diagonal of the above matrix is
represent 1,,14, ,and A3 respectively (1, <A, <13 ....etc)

Where 1, =1.0147, 1, .=0.2134,and 1; = 1.817

k k k
Wy = 0462 - ,Wpp = - , Wy = 1.348 -

[Ply = [R]1[R]2[R]s

1 0.953 0.3029 0] 09455 0 0.3255
[P]y = [0 0.707 —0. 707] —0.3029 0. 953 0 0 1 0
0 0.707 0.707 111-0.3255 0 0.9455

0.9011 03029 0.3102
[Ply = [ 0.0276  0.6739 —0.783]
—0.4327 0.6739 0.5988
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0.5 0 01f 0.9011 0.3029 0.3102
. [Plx = [U]"Y[P]y = I 0 0.707 0] [ 0.0276  0.6739 —0.783
0 0 111-0.4327 0.6739 0.5988

~ 0.4006 0.1515 0.1551
[P]x=] 0.0195 0.4765 —0.5221
—0.4327 0.6739 0.5988

When normalized to 1.00, and from [A];

mode2 model mode3

l l l
~ —0.925 0225  0.259
[P]x= |-0.045 0.707  —0.872
1.00 1.00 1.00
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6.Classical Methods:

The exact analysis for the vibrating systems of n DOF is generally difficult
and its associated calculations are laborious and the results beyond the first
few normal modes are often unreliable and meaningless. For this reasons
Rayleigh's method and Dunkerley's equation are  of great values and
importance for the first modes and frequencies estimation.

6.1Rayleiy's method:

The method is based on Rayleigh's principle which can be stated.as follows:

The frequency of vibration of conservation system vibrating about an
equilibrium position has a stationary value in the neighborhood of nature
mode. This stationary value in the fact is a minimum value in the
neighborhood of the fundamental nature mode.

Now, let [M] and [K] be the mass and stiffness matrices respectively, then
the kinetic and potential energy of an n-degree of freedom discrete system
can be expressed as:

Trax = {8} [M]{$}w?
Unax= 5 {6} [K]{0}

By equating T, 4, and Uy, it can obtained :

{0} [K]{e}

" =Rw) = e

Where
R(w) ... ... Rayleigh's quotiont.

Example:

Estimate the fundamental frequency of vibration of the system shown , let
m;= m,= ma=m , K;= ky=k3 =k, and the mode shape is

1
¢} = {2}
3

Solution:
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The stiffness and mass matrices are:

2 -1 0
[K]=k\—1 2 —1‘ I’“

0 -1 1
10 0
[M]=m\0 1 0‘ sz

0 9 1

2 -1 011
(123)k[-1 2 -1 {2}
2 _ ($)TIKI{} _ [ 0 -1 1 ]

- T - 1 0 0
{p} [M]{} (123)m[0 1 0]{%}
o o 11'3

w

w = 04629 % And the exact solution"from Example 3.1 is w = 0.445\/%

1

{1V = {1.8014
2.246

Field of application of Rayleigh's method:

. Lumped masses: The Rayleigh's method can be used to determine the
fundamental frequency-of a beam or shafts represented by a series of
lumped masses . As-a first approximation , a static deflection curve due to
loads (i.e Mg, Myg~...., and so on , and the corresponding deflections y;,y
..., - The strain energy stored in the beam is determined from the work done
by these leads , and the maximum potential and kinetic energies becomes.

1

Unmax = E gMyy; + Myy, + )
1 2 2 2

Thax = Ew (Mlyl + M,y; + )

By equating T,,,,, and U,,,, it can obtained :

. 9XiMy;
w

i M;y;?
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Example:

Estimate the fundamental frequency of lateral vibration of the system shown
below:

3
o]

20 kg 50

3

| NN

f

o

Solution:
Let y(x) to be the deflection of the beam at any point X is:

bx
gElz(lz_bz—xz) w.(1) at0<x<a
y(x) = pall— )
—W(a2+x2_21x) () ata<x <1
ap b

I
o

"\

3l'_>| e

L

Let y,be the deflection of m; due to m;g, from equation (1)
x=1, 1=6, b=5, P=mg

y, = 272.5/EI

y.1 be the deflection of m; due to m,g from equation (1)

x=1, I1=6, b=2, P=myg

y1 = 844.75/EI

And from equation (2) find.

3_72 JiZ

Hence

y, = 337.9/EI The deflection of m, due to m;g at x=4, a=1, |1=6
y, = 1744 /EI The deflection of m, due to m,g at a=2, x=4, =6
The summation of my:y; = y;+y, = 1117.25/EI

And of m,:y,=y, + y, = 2081.9/EI
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So
w2 =d i My
i My?
W = [9.81(20*1117.25+50*2081.9)E1]1/2 — 007164 \/ET I"ad/S

20%(1117.25)%2+450%(2081.9)2

2. Continuous System: For this application we have two methods to
calculate the Rayleigh's.

A. Differentiation _method:
In order to apply Raleigh's method we need to derive an expression
for the maximum kinetic and potential energies.

C':EQ
—

=

y /

l l

1 1
T=§jy2dm=§jy2p/1(x)dx

0 0
Assume a harmonic of y(x,t) as:
y(X,D)=YX)G(t) =Y (X)cos wt ...... (1)

y= —wysinwt = — oY) = y* = w?Y
letrsinwt = 1
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The potential energy of the beam can be found from the work done by the
elastic force to the neutral configuration by disregarding the work done by
the shear force.

R... radius of curvature of the neutral axis.
And from the theory of beam .

2
LMo m=E&
R EI dx?
g 1 el dPy dly 1l d?y\,

From equation (1) the maximum value of y(x,t) is Y

1 .l d?y
s Unax = Efo EI(x) (E)de

By equating Tmax= Unax it €an be obtained that:
folm(%)zdx

R = w? =
(@) =w fol pA (x)Y(gc) dx

(@)

Example:

Find the fundamental frequency of transverse vibration of the non-uniform
cantilever'beam shown , using the deflection shape




78

Yooy = (1 =%, b=1
Solution:
NOte: Y(l) - O y Y(O) - 1

hx
A(.’Xf) = T

1 h
1) == ()

Or
bh3 _hx _
1) =2 h="  A=hb
Since
x d%y 2
Yo=Q0A-"25=%
2
LG x) (D)2
f pA(x) Y(x)dx

fl hf(l——)‘*dx e
Or
hZ
w=15811 |7

The exact value of w is known to be

hZ
w = 1.5343 i
B- Integration method:

In using Rayleigh's method of determine the fundamental frequency , we
must choose an assumed curve, Although the deviation of this assumed
deflection curve compared to the exact curve may be slight its derivative

could be in error by a large amount then U = f Elgy ( )de may be
incorrect.
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To avoid this difficulty, the following integration method for evaluating U is
recommended for some beam problems

(?M TM+dM
P 1 |!p+dp
= : L :wl
e
_ 1 MGy
U= 7)o & dx ....... (b)
Since
_ dm
T dx

From F.B.D, and in the end of the beam.
l
PE) = [ m(§) ¥
'3

M(x)= [, P(§)dé

X... displacement denoted the location of moment M

¢.... displacement.denoted the location of shear P

And,

T 5 [y V2 PAGX)dx

Example:

Determine the fundamental frequency of the uniform cantilever beam using

simple curve y = cx? (the Exact solution is = 3.52 %)

LY
-
L
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Solution:
1- Using equation (a)

l dzy
2 _ JoEl(g2) dx d’y
fol PAYSdx " dx?

l
EI [ 4c®*dx _ El4c?l _ 20EI EI
= 0 = = > w = 4.47 s

- 1 - 5 4
A [ c2x*dx 22 pAl
p fo pAC S

= 2c

2- Using equation (b)
P(§) = w? [im¢ c§2ds= 2T (18 - 6%)

Then the bending moment M(X)= fxl P(&)dé

w?mc
3

“ M(x) = 2 [U0 — £9)dE =20 (@1 - 417 + x*)

1 (! 1 (! w?mc
wlU==—| M2 dx =— 2(31% — 413 + xH%d
2131j0 Sl 2E1J0 ST T x7) dx

SO

U B w?* m?c?312 .
max — 2El 144 135

and the maximum Kinetic energy

. _1fl_2 d—12 215
max—zoymx—zcma)5

From Rayleigh's quotient U,,,,» = Trnax

= 3.53 El
©=2 ml4
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6.2 Dunkerley's formula:

Dunkerley's formula gives the approximate value of the fundamental frequency of
a composite system in terms of the natural frequencies of its component parts. It is
derived by making use of the fact that the higher natural frequencies of most
vibratory systems are large compared to their fundamental frequencies.

Let us take a 3DOF system . It's equation of motion is:

{[K] — w?[M]}x} = {0}

Or
1
[al(M] — =111} = (0}
w
Or
1
ajimq — o2 aipm; ai3ms
1
az1my Az2My — — az;ymz (=0
1
asz mq asz,m; aszzms — 02

Expanding this determinate , we obtain.

1
( ) - (allml + az,m; + a33m3)( 2) +--=0 ... (1)
If the roots of this equation are — ,— ,—
Wy wW; W3

Then equation (1).canbe factored into following:
1 1 1
1 1 1
B a5 5)-
1 2 3

Or

(G~ Gtz + )G+

wz wz
From al gebra we know that the sum of the roots of equation (1) must
equal to the negative of the coefficient of its second term it also equal
to the sum of the diagonal terms of matrix [4]~1, which is called the
trace of matrix.
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3
1

trace[A]™! = Z—Z
= “i

For n-DOF

_+_ + - + = a11m1+a22m2+“'

‘01 2

In most case , the hlgher frequencies w,, ws, .....,
than the fundamental frequency w, or

1 1
—SKLK— 1=2..

wi  w?

so we can say that for approximately

1

—— = a;1mq + ar,,m, + -+ AnnMy

1

w,, are considerably larger

203)

equation (3) known as Dunkerley's formula.

Example:

Estimate the fundamental natural frequency of a simple supported beam
carrying three identical equally spaced masses as shown.m;= m,=mz=m

m1 m2 m3
H_H W ,
Polon j
4| 4 4 | 4
Solution :
From example 6.2 [Rao]

3 I3
11 = 33 = 5oy
_1re
22 = Y51
1

—5 = A;1My + AzMy + AzzMg
1

1 ( 3 N 1 3 )ml3 _ 47537 EIl
— = —t—+— = w
wlz 256 48 256/ EI ml3
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the Exact solution

w; = 4.93 /% (using Rayleigh)

6.3The Rayleigh-Ritz method:

The Rayleigh-Ritz method can be consider an extension of Rayleigh
method. It is based on the premise that a closer approximation to the
exact natural modes can obtained by superposing (a number of:assumed
function)than by using a (single assumed function) as. in. Rayleigh
method . if the assumed functions are suitably chosen,-this' method
provides not only the approximate value of the fundamental frequency
but also the approximate values of the higher natural frequencies and
the mode shapes.

Starting with Rayleigh's equation.

w? = Umax e e e (1)

Tmax

Ritz assumed the deflection to be a sum of several function multiplied
by constants. For a transverse vibration of beam.

y(x) =c; P (x) + ;D) + ...+ ;P (x) ... (2)
Where

®;(x) are any admissible function satisfying the boundary conditions,
since

1
i

1
T= LiXjMi;Ci G

Where

For beam KU = fEI (qu)]dx , ml-j = fmCI)l CI)]dx

o (3)

For longitudinal oscillation of slender rods
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Now minimize w? by differentiating it with respect to each coefficient,
and for C; it can be seen as follows:

ou aT,

0w? B d <Umax) B Tnax argia_x — Unax arg;lx _ 0
aCi aCi Tmax Tr%zax
Or
OUnnax . Umax 9Tmax -0

aCi Tmax aCi
From equation (1)
OUnnax 2 0T max

— =0......(4

aCi @ aCi ( )

but

aUmax — ZnK C and aTUmax — Zn

Substltutlng into equation (4), and rearranging in matrix form.

n n
zKijCj —zMijCj =0
7 7

[(ki1 —w?myq)  (Kia— @Pmyy) . (ki — 0Pmen)] (G 0

| (ka1 — w2m21) (kpp — wzmzz) | C:Z — {0}
(knl - ;Uzmnl) (knn B wzmnn) C:n O

The solution of this equation results in the n —natural frequencies. The
mode shape is also be solving for C's for each natural frequency and

substituting into equation (2) for the deflection.
Example:

A wedge shaped plate of constant thickness fixed into rigid wall as
shown in figure. Determine the first two natural frequencies and mode
shapes in longitudinal oscillation by using the Rayleigh-Ritz method
using the two longitudinal modes.
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2

W W W Y, . . W, . V. VL. V.

®. — si X o, 3mx
1 = sin T = sin 5]
Or

3mx

u(x)=c¢, sm + Co Sin=

m(X) = mass per unit length .

=mo (1-7)
EA(x) = stiffness = EA, (1 — %)

1 ..
= fO EA(X) leCI)]dX

l
= j m(x)®; ®;dx
0

2

K, =— EA jl(l x) 2 _ B 7T2+1 —086685EA0
1 =g Edo ] cos? x=— =0.

21 8 2 l
312 L X X 3mx EA,
K12 = W EAOL (1 T) COSZ COSTdX = 0.750 T
e 97?2 £a f’(l x) , 3mx e = EA, (9m? N 1\ 5 80165 EA,
2=z Bl | 1) o = 3\ g t) =S l

1
- F) = 0.148679m,l

21 21

l

X , 3MX 1 1
My, = mof <1 T sin® — dx = myl (—— —) = 0.238742m,l
0

mx _ 3mx 1
)sm—sm— dx = mgl (—2) = 0.101321ml
s
) 21 4 9q?



86

Then

EA, EA,
(0.86682— — 0.148679mglw?)  (0.750 —= -

EA, EA,
(0.750 —= = 0.101321mlw?)  (5.80165— = 0.238742molw?)

0.101321mylw?)

(e} =0

Now setting the determinant to Zero, the frequency equation can be obtained as:
w* —36.3676w?a + 177.03a* =0
Where
EA,
N mgyl?
So
w? =5.789a,w? = 30.5778 a
Using the results in matrix of ¢, & ¢,
Formode 1 ¢,=0.03689c, formodel &c¢, =1
Formode 2 ¢,=-0.63819C, formode2 &c¢,=1
The two natural frequencies are;

a

EA,
lZ

w; = 2.4062 and

mo

u (X)=1.0sinZ" 4 003689 sin 27

and

EA,
mgl?

and

w, = 5.5297

u,(X)=-0.63819sin% + 1.0sin 2>

6.4 Holzer's Method for Torsional vibrations:

Holzer 's method is basically a trial and error scheme to find the natural
frequencies of un-damped semi definite vibrating system involving linear
and angular displacement. In this method the trial frequency satisfies the
constraints of the system.
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Let us take the semi-definite system shown in the figure to illustrate the
method.

The equation of the motion of the above torsional system are.

jlél + ktl(el - 92) = O ................. (1)
120, + ki (0, —01) +kiy(8, —03) =0 ......... )
J30s 4+ kep(8:—60,)=0 3)

Assume solution for harmonic motion
0; = 0,; cos(wt — Q) i=1,2,3

6, = —w?0;

Substituting in equations (1),(2), and (3)

It can obtained that;

02]101 = Kyy (07 = Ox) e e oo e oo o eee oo (4)
©2],05 = key (0, =0,) + kyy (65 — 03) e vvv . (5)
©0?]305 =5 (05 — 0,) RN ()

Then the sum of the inertia torque (Mt) in the semi-definite system must be Zero.
Or

3 w?0,=0 ... (7)
In Holzer's method

1- atrial frequency w is assumed , and 6, is arbitrarily chosen as unity.
2- 6,is computed from equation (4).
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3- 65 is found from equation (5).

Hence
w?],0
0, =6, — k]1 L e (9)
t1

2
05 = 6, _:Tz (161 + J,6,)......(10)
The values are substituted in equation (7) to verify whether the constrains
Is satisfied . if equation
(7) is not satisfied , a new trial value of wis assumed and the procedure
will repeated.
Equations 7,8,9 and 10 can be generalized for n-disc system as follows:
L w?0=0.............. (11)

2 .
0, =6;,_; — k“’— i T 6. (12) i=2,3,...,n
Although Holzer's method can be applied for the vibration of spring-mass
system. In the same procedure it can be obtained that:
Xi=Xi—1—

k‘”—zl (L my x).o....(13) i=2.3,...n

and

F=XiL; w*mx;

The trial will continue until F will be equal zero in this system and

M, = 0 for torsional systems.

Example:

Determine thenatural frequencies and mod shapes of the system shown in
figure.

ForJ, = 5kg.m?, ], = 11kg.m? ,and J; = 22 kg.m?

ki = 01x106 N.—~ k. =0.2x10°N.——
AN ‘rad’ tz— ™ ‘rad

Solution:
For making the procedures more easer the following table could be used:
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Parameters of the system

Station 1 Station 2 Station 3
]1=5 J, =11 Jz =22
k., = 0.1x10° ki, =0.2x105 | ks =0
Calculation Program
W 6, =1.0 —1— My, _p _Mpy
w? My =w?6,J, 9, /ktl 95 =0, /ktz
M,=M +w?%0,), M3 = My, +@w?*05)5
20 1.0 0.980 0.9484
400 2.0x10° 6.312 x 10° 14.66 x10°
40 1.0 0.920 0.799
1600 8.0 x 10° 24.19 x 10° 52.32 x 10°

M, is the moment (torque) to the-right.of disk 3, which must be Zero at
the natural frequencies.
And to get the values of the system natural frequencies it is recommended

To plot a curve between M,;x1073 & w as follows:

M A

+100—

-100—

From the plot w; = 123.666

w>

L w, = 202.658

THE END OF THE LECTURE NOTES IN ADVANCE VIBRATIONS



