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=2 (f®)+ r@ke-a)

Method 3: Derived from Method of Coefficients
Trapezoidal rule can also be derived by the method of coefficients. The formula

(10

p b—a b—a
J f@dx ~ —= fl@)+—=f )
=> e f(x)
i=1 (11
where ¢c;=(b—a)/2; c,=(b-a)/2; x;=a; and x,=b
Y4 )

i 2 244 & b x

Figure 3: Area by Coefficients
The interpretation is that f(x) is evaluated at points a and b, and each function evaluation is given a
weight of ( b — a )/2. Geometrically, Equation (10) is looked at as an area of a trapezoid, while
Equation (11) is viewed as the sum of the area of two rectangles, as shown in Figure 3. How can one
derive trapezoidal rule by the method of coefficients?
Assume

[f)dx =c,f(@)+c,f(B)
a (12

Let the right hand side be an exact expression for integrals of f; 1dx and f:x dx , that is, the
formula will then also be exact for linear combinations of f(x) = 1 and f(x) = x, that is, f(x) =ao (1)

+ay (X).
g
Jldx‘::b—a:cl +c,
a (13
b 2 3
- b —a”
chi‘-.:= =ca+c,b
- 2 (14
Solving the above two equations gives
b—a b—a
Cl = C1 =
2 : 2 (15
Hence
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bh—
2

h—

”fmw-zafw>

| f(x)dx =~
a (16

Multiple-segment Trapezoidal Rule:
Divide (b —a) into n equal segments as shown in Figure 4. Then the width of each segment is h=(b
—a)/n

y fix)

N

- - B
£l a+i—ﬂ a+:;'z";—'ﬂ at3gT b P

Figure (4) : Multiple ( n=4) Segment Trapezoidal Rule

The integral I can be broken into h integrals as
b

I= J‘ f(x)dx
:‘HJ a+2h a+(n-1)h b
= [f@dx+ [f@dc+..+ [fdc+ [ fde
a a+h at+in—20h a+{n-1}h (17

Applying Trapezoidal rule Equation (17) on each segment gives

[ Feax = [{a+h)—a]{f(”)+{(”+ﬂ
fla+h)+ f(a+2h)
+[(a+2h)—{a+hj{ > }
D
fla+(n=2)h)+ fla+(n—-1)h)
+[{a+(n—l)h]—[a+(n—2)h]{ ; }

+[:':r-la-rm-lp.ﬁ

IP_I-HT--li‘l—]'l.ilh-d—lrlhl_-_
l : |

-
-

_h-_,ﬁm- fla+h)]
| 3 |

[ fla+h)+ f(a+2h)]
-|-J|rI = I

e -
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+h_f(a+(”—2)h);rf{a+ (n-]}h)}

+h:f(ﬂ+(n—1}h)+f(b)}

2

-

:h{j‘(ﬂ)+2f(a+h)+2f(a+2h)+ ...+2f{a+(n—1)h)+f{b)}
2

_ g[ fla)+ z{z fla+ m)} . f(b)}

b—a
n

= {f(a)+2{if(a +ih)}+f(b)}
= (18

Example 1
The vertical distance covered by a rocket from t=8 to t=30 seconds is given by

30
x=j{20ﬂ0]1{ 140000 }—g.erdt
B

140000 — 2100f

a) Use single segment Trapezoidal rule to find the distance covered.
b) Find the true error, Etfor part (a).
c) Find the absolute relative true error for part (a).

Solution

. where

o1 m(b_a)[f(a):f(b)]

a=2=a
b=30

f(f) = 2000 111[

140000 _osf
140000 — 21001

B 140000 B
J(8)=2000 ]ﬂ[lamum — 2100(3)} o8

=177.27 m/'s=s
140000
140000 — 2100(30)

=901.67 m/ s

£(30) = 2000 111{ } —9.8(30)

I (30_8)[1??.2? +901.6?}
2
=1186G8 m
b) The exact value of the above integral is

30
140000
x= J'[ 200011.[ ]—9.81‘ dt
. 140000 — 2100¢

=11001 m
so the true error is
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E, =True Value — Approximate Value
=11061—-11868

=—-807 m
c) The absolute relative true error, | € |, would then be
|e_,| _ | True Error %100
True Value
11061 -11868
= | =100
11061 |
= 7.2959%
Example 2

The vertical distance covered by a rocket from t=8 to t=30 seconds is given by

30
140000
x= _[{ 20001 — 0.8t |dt
. 140000 — 2100¢

a) Use two-segment Trapezoidal rule to find the distance covered.
b) Find the true error, Etfor part (a).
¢) Find the absolute relative true error for part (a).

Solution:
a) The solution using 2-segment Trapezoidal rule is

b—a nl i
= > [f{a)+2<[z=lf(a+zh)}+f(b)}
n=2; a=8; b=30; h=(b-a)/n=(30-8)/2=11

_30-8

I= 20) [f(8)+2{§ fla +ih)}+f(3ﬂ)}

I

_ 27:‘ [£(8)+2/(19)+ £(30)]

2
= %T‘[IT?.E? +2(484.75) +901.67]

=11266 m
b) The exact value of the above integral is

30
140000
x = _[{ 200011{ }—9.8.&‘ dt
! 140000 — 2100¢

=11061 m
so the true error is
E, = True Value — Approximate Value

=11061-11266

=—205m
c) The absolute relative true error, | €; |, would then be
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True Error
E,| =|=—————|x100
True Value
1106111266
= o 1
11061 |
=1.8534%
Table 1: Values obtained using multiple-segment Trapezoidal rule for

30
140000
x= j[zﬂﬂﬂh{ }—Q.S.t dt
) 140000 — 2100¢

00

n Value E: l=.|26 .|
1 11868 =807 7.296 -—
2 11266 =205 1.853 5.343
3 11153 -01.4 0.8265 1.019
4 11113 -51.5 0.4655 0.3594
5 11094 -33.0 0.2981 0.1669
6 11084 -22.9 0.2070 0.09082
7 11078 -16.8 0.1521 0.05482
8 11074 -12.9 0.1165 0.03560
Home Works
1. Use Multiple-segment Trapezoidal Rule to find the area under the curve
300x
f(x)=——+
l+e

from x=0 to x=10.
10

Table 2: Values obtained using Multiple-segment Trapezoidal Rule for jiﬁr{; dx
0

n Approximate Value E, |E,|

1 0.681 24591 99.724%
2 50.535 196.05 79.505%
4 170.61 75.978 30.812%
8 227.04 19.546 7.927%
16 241.70 4.887 1.982%
32 245.37 1.222 0.495%
64 246.28 0.305 0.124%
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2. Use multiple-segment Trapezoidal Rule to find
|
I=|—dx
1=

Table 3: Values obtained using Multiple-segment Trapezoidal Rule for j‘%dx
0 VX

Number of Approximate Value E, |'E,|
Segments

2 1.354 1.474 52.14%
4 1.792 1.036 36.64%
8 2.097 0.731 25.85%
16 2.312 0.516 18.26%
32 2.463 0.365 12.91%
64 2.570 0.258 9.128%
128 2.646 0.182 6.454%
256 2.699 0.129 4.564%
512 2.737 0.091 3.227%
1024 2.764 0.064 2.282%
2048 2.783 0.045 1.613%
4096 2.796 0.032 1.141%

SIMPSON’S 1/3%° RULE:
Trapezoidal rule was based on approximating the integrand by a first order polynomial, and then

integrating the polynomial in the interval of integration. Simpson’s 1/3" rule is an extension of
Trapezoidal rule where the integrand is non approximated by a second order polynomial.
Method 1: Hence

I=[f(xdxs [ f,x)dx

where f,(x) is a second order polynomial. f, (X)= @ + aix + ax’
Choose (a, f(a)),( (a + b)/2, f( (a +b)/2) ) and (b, f(b)) as the three points of the function to evaluate
ao, a1, and a,.

fla)= f.la)=a, +a,a+a.a’
‘a+h ‘a+h)
.ﬂ _.-'|=£~\.T.-'r=ﬂh+a

2

’.a+b~'|+a r.ﬂ+|!'-'~'|=
3 o2

LY — r LY

fB)= f,(B)=a, +ab+ab’
Solving the above three equations for unknowns, ap, a; and a; give
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a’f(bil+ﬂfeaf'(b}—4abf[ﬂ+b]+a!ef{a}+ﬁ fla)

a. =

! a’ —2ab+ b
- w{“”]ﬁﬂi&m&r{} 4@1‘”“}%{53
a* —2ab+ b
{f(ail U{“”’ +f{E-JJ
a* —lab+5b*
Then
I::jfll{x):i:

|:au +axta,x ;HI

|n'—|.'=-

3 .
=.abx+a|IT+a: I?jl

B —-a’ B —a’
=g (b—ai+ +a,
a,(b—a)+a, 3 a, 3

Substituting values of &, , a; and a; give

& —
[ £, (x)dx =2

a “a+b
[f{a}ﬂ : J+.ff.f=2l]

Since for Simpson’s 1/3rd Rule, the interval [a, b] is broken into 2 segments, the segment width
h=(b —a)/2
Hence the Simpson’s 1/3" rule is given by

[ reo = e+ 4./{“ ”‘]+ .rf.ﬁ:u}

Method 2:
Simpson’s formula could also be derived by approximating f(x) by a second order polynomial using
Newton’s divided difference polynomial as

+5)
Folx) =B, +B, (x—a)+ by (- a)[x— ey
where
B, = f(a)
A2 )-r@
T
2
FEB)- ";*J f{”ﬁ} fla)
b_a+b - +b_
_ 2 2
B, = b-a

Integrating Newton’s divided difference polynomial gives us
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4 -]
[ flxddx =[ £, (x)dx

= }[ﬁu +hix—a)+h,(x —a{x —a—;rl]d(

=|:E.;,x+b_|x_:—m}+5_l[-"_$_ﬁﬂ+b}-f"+a{a+£-jx:|.

3 4 2

 —ath- aJJ+b=[ b -a’ {3a+mib=—a=:|+a(a+b3¢--a;

Substituting values of by, by , and b into this equation yields the same result as before
l —_—
[ £ =2 “[ﬂa}nf[‘”ﬁ |+I{E-J}

~b,-a)+h| 222

4

ath’

L]
| fila)dr = [.fli }+4.f[ J+f{b}

Method 3:
Simpson’s 1/3rd Rule can also be derived by the method of coefficients. Assume

_[f{x}rir af@+ef{® +bJ+ﬂJ{E}

[l foond [xide
Let the right-hand side be an exact expression for integrals = = " . Doing this will imply
that the right hand side will be exact expressions for integrals of any linear combination of the three

integrals, implying it for a general second order polynomial. Now
]
Il::h'=b—n= g te, o,

k
B +b
xdx = =c'._a+|:.=zﬂ teb

2
B -

a
a' (a+h)
3

Solving the above 3 equations for ¢, , €; and c; give

b-a _ _2b-a) _b-a
6 S T

xdx=

=ga’ +e, |

r+ﬁ-1

i
i

& =

This gives

-] _ _ P " _
If(x}dx=ﬁﬁﬂ_f{ﬂ:l+ 1{!:3 .:::IfI .::!+bJ+ Elﬁa £(B)
r b
[ £ =" [f{ {222} ftb.‘l}
The integral from the first method,

if{xjd:=j|:au+a,x+ a_.::.'l}ix

can be viewed as the area under the second order polynomial, while the equation from this past
method

_I'.i*"{x}rir- P22 flay+ 2o f 2221, 228 1

can be viewed as the sum of the areas of three rectangles.
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Multiple Segment Simpson’s 1/3" Rule

Just like in multiple-segment Trapezoidal Rule, one can subdivide the interval [a, b ] into n
segments and apply Simpson’s 1/3" Rule repeatedly over every two segments. Note that n needs to
be even. Divide interval [ a, b ] into equal segments hence the segment width h= (b —-a )/n .

_i.flixilrir I'flir:uir

where
'.‘-I.' =4a
x,=h

[ S = j.r{x:uﬁc+ _{f':x:lfiH ...... i.flix:'rf-H j.ﬁ:ﬂd‘x

Apply Slrnpson ] 1/3rd Rule over each mterval
[ Fx)dx =(x, _Iu)[f (x)+47(x)+ .r‘lixi}] +ix, _x_l)[f{xl}+4f|:x<j + f.:m] ny

6 6
i _I__d)[f':r,4}+4fli;.-¢}+ f{x,ﬂ} (x. I__::I[f{x,gﬂ 4;;:,_.:. +fﬂ:_j]
Since
Ir _II—.' = Eh
i=24 . m
then

&

23 Fr".r‘txH:l +4f{;”}+f{x,_1}] +2 hl:f(x__u',‘l +4f§xa_,}+ f.:x,}}

=%[f{xc:l+4{ﬂr-_}+ £+ Filx, 3 2+ )+ + flx, )3 ()]

[ f.:x}mgh[ﬂxu:lﬂféx.:u+f|:x_.:u]+1h[.ﬂ:x1}+ 4fl:x.}+fl::.:l]+_.

r=1 =
peuded [EF, 1

=%[ﬁ:xu}+4 T )42 EIEI.H.HI,J]

[ =22 fx) 44T £ +2 T F)+ (5

GAUSSIAN- QUADRATURE FORMULAS

We wish to find the area under the curve y=f(x),-1<x<L1.
What method gives the best answer if only two function evaluations are to be made?
We have already seen that the trapezoidal rule is a method for finding the area under the curve and
that it uses two function evaluations at the end points (—1, f (1)), and (1, f (1)). But if the graph of y
=f (x) is concave down, the error in approximation is the entire region that lies between the curve
and the line segment joining the points; another instance is shown in Figure 7.10(a).
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y=fix)

-1 0
ia)

(b)

Figure 7.10 (a) Trapezoidal approximation using the abscissas —1 and 1. (b) Trapezoidal
approximation using the abscissas x; and xs.

If we can use nodes x1 and x2 that lie inside the interval [—1, 1], the line through the two points
(x1, f (x1)) and (x2, f (x2)) crosses the curve, and the area under the line more closely approximates
the area under the curve (see Figure 7.10(b)). The equation of the line is

(x —x1)(f(x2) — fx1))

y=flx)+

and the area of the trapezoid under the line is

2x2
1 — X

Atrap =

2x
fixy) — Ef(-tz}-

(2

Notice that the trapezoidal rule is a special case of (2). When we choose x1 =-1,x2 =1, and h = 2,

then

2 -2
T(f.h)= Ef(Jf]} — ?f(-tz} = flx))+ f(x2).

Gauss Quadrature

= [ (x)alx

e Assume | ECOf(a)+le(b)

e aand b are limits of integration

e Trapezoidal rule should give exact results for constant and linear functions
5

¥y

y=1

—(b—a) b—a
2 2

(a)
Constant Function

—(b — a)
2

b)
Linear Function
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Now instead of trapezoidal, which has fixed end points (a,b), let them float

4 unknowns - Xg ,X1,Co,C1 a
L= [ F09dx=c, T (%) +¢ f (%)

4 equations - constant, linear (had before in trapezoidal rule), quadratic, cubic
Integrate from -1 to 1 to simplify math

Trapezoidal vs. Gauss-Quadrature

NACY) fx)
/ x 4 x
(a) (b)
Exact for constant and linear function Exact for constant, linear, quadratic and cubic
functions

e The idea is that if we evaluate the function at certain points (non-uniformly distributed), and sum with
certain weights, we will get accurate integral
e Evaluation points and weights are tabulated
Gauss-Legendre Quadrature
A€

7ﬂ2”<

7 —1 X0 X, 1 x

e Choose (co, C1, Xo, X1) to yield highest possible accuracy

e change of variables so that the interval of integration is [-1,1]

e select functional values at non-uniformly distributed points to achieve higher accuracy
Gauss Quadrature on [a, b]

e Togo to [-1,1] from other limits [a,b] - use linear transformation

e Changefroma<x<bto-1<x3<1

X =a,+aX,

a=a,+a(-1 a,=(a+bh)/2
=
b=a,+a() a=(b-a)/2
e Coordinate transformation

2 d

a+b b-a
2
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——=—=—==== For 3 pOintS

n=3: [ Fx)dx=c,f(x)+ ¢, f(x) + €, [ ()

e Choose (o, C1, C2, Xo, X1, X2) such that the method yields
e Exactintegral for f = x° x*, x% x*x* x°

f=1 :>J:llldx:2:c0+cl+c2

f=x :>J.l xdx = 0 = CyX, + €, X, + C,X, Goeeld
;1 ) c, =8/9

f :x2:>Lx2dx=§=c0x§+clx12 +C, X5 c, =5/9

=

f=x° :>J'_llxe‘dx=0=cox§+clx13 +0,%8 X =~V
1 X1=0

f =x4:f_1x4dx=0=cox§+cle +C, X5 x, = /3/5

f=x :>flx5dx=0=c0x§+c1xf+czx§

: 5. [3,.8. . 5 [3
= [, foodx=2 f(—\g)+§f(0)+5 f(\g)

We shall use the method of undetermined coefficients to find the abscissas X1, X2 and weights Wy, W» so that the
formula

1
f @ dx~ wn fG) + waf () o

is exact for cubic polynomials (i.e., f (x) = asx® + axx? + a;x + ag). Since four coefficients wy, wa, X1,
and x, need to be determined in equation (3), we can select four conditions to be satisfied. Using the
fact that integration is additive, it will suffice to require that (3) be exact for the four functions f (x) =
1, x, X4, x°. The four integral conditions are

1
f(x}=1: f 1d_I=2=ul|+u|2
—1
1
fix)y=ux: f xdx = 0= ux| + wrx2
—1
2. _— 2 2 2
flx)y=x": x dx = 3 = WX} + wrks
—1
1
f{x} — _'[3: f _x3 d’_t — ﬂ — EII_I? —|— ulz_r,?_ (
—1 - 4
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