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                                        (10 
Method 3: Derived from Method of Coefficients 
Trapezoidal rule can also be derived by the method of coefficients. The formula 

 

                                                                      (11 
where c1=( b – a )/2;  c2=( b – a )/2; x1=a; and x2=b 

 
 

The interpretation is that f(x) is evaluated at points a and b, and each function evaluation is given a 
weight of ( b – a )/2. Geometrically, Equation (10) is looked at as an area of a trapezoid, while 
Equation (11) is viewed as the sum of the area of two rectangles, as shown in Figure 3. How can one 
derive trapezoidal rule by the method of coefficients? 
Assume 

                                  (12 
Let the right hand side be an exact expression for integrals of   and  , that is, the 
formula will then also be exact for linear combinations of  f(x) = 1 and f(x) = x, that is,  f(x) = a0 (1) 
+ a1 (x). 

                                              (13 

                                    (14 
Solving the above two equations gives 

         ;                                    (15 
Hence              
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                    (16 
 

Multiple-segment Trapezoidal Rule: 
Divide ( b – a ) into n equal segments as shown in Figure 4. Then the width of each segment is h=(b 
– a)/n  

 
Figure (4) : Multiple ( n=4) Segment Trapezoidal Rule 

The integral I can be broken into h integrals as 

                           (17 
 

Applying Trapezoidal rule Equation (17) on each segment gives 
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               (18 
Example 1 
The vertical distance covered by a rocket from t=8 to t=30   seconds is given by 

 
a)   Use single segment Trapezoidal rule to find the distance covered. 
b)   Find the true error, Et for part (a). 
c)   Find the absolute relative true error for part (a). 
 
Solution 

 

 
b) The exact value of the above integral is 

 
so the true error is 
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c) The absolute relative true error, │Єt │, would then be 

 
Example 2 
The vertical distance covered by a rocket from t=8 to t=30   seconds is given by 

 
a)   Use two-segment Trapezoidal rule to find the distance covered. 
b)   Find the true error, Et for part (a). 
c)   Find the absolute relative true error for part (a). 
 
Solution: 

a) The solution using 2-segment Trapezoidal rule is 

 
n=2;    a=8;   b=30;   h=(b – a)/n=(30 – 8)/2 =11 

 
b) The exact value of the above integral is 
 

 
so the true error is 

 
c) The absolute relative true error, │Єt │, would then be 
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Home Works 

1. Use Multiple-segment Trapezoidal Rule to find the area under the curve 

 
from  x=0 to x=10. 
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2. Use multiple-segment Trapezoidal Rule to find 

 

 
 
 
SIMPSON’S 1/3RD RULE: 
Trapezoidal rule was based on approximating the integrand by a first order polynomial, and then 

integrating the polynomial in the interval of integration. Simpson’s 1/3rd rule is an extension of 
Trapezoidal rule where the integrand is non approximated by a second order polynomial. 
Method 1:           Hence   

                       
where  f2(x)  is a second order polynomial.    f2 (x)= a0 + a1x + a2x2 
Choose (a,  f(a)),( (a + b)/2, f( (a +b)/2) ) and (b, f(b)) as the three points of the function to evaluate 
a0, a1, and a2 . 

 
Solving the above three equations for unknowns, a0, a1 and a2 give 
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Substituting values of a0 , a1 and a2 give 

 
Since for Simpson’s 1/3rd Rule, the interval a b  is broken into 2 segments, the segment width 
h=(b – a)/2 
Hence the Simpson’s 1/3rd

 rule is given by 

 
 
Method 2: 
Simpson’s formula could also be derived by approximating f(x) by a second order polynomial using 
Newton’s divided difference polynomial as 

 
where 

 
Integrating Newton’s divided difference polynomial gives us 
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Substituting values of b0 , b1 , and b2 into this equation yields the same result as before 

 
 
Method 3: 
 Simpson’s 1/3rd Rule can also be derived by the method of coefficients. Assume 

 
Let the right-hand side be an exact expression for integrals  . Doing this will imply 
that the right hand side will be exact expressions for integrals of any linear combination of the three 
integrals, implying it for a general second order polynomial. Now 

 
Solving the above 3 equations for co , c1  and c2 give 

     ;  ;     
This gives 

 
The integral from the first method, 

 
can be viewed as the area under the second order polynomial, while the equation from this past 
method 

 
can be viewed as the sum of the areas of three rectangles. 
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Multiple Segment Simpson’s 1/3rd
 Rule 

Just like in multiple-segment Trapezoidal Rule, one can subdivide the interval [ a , b ] into n 
segments and apply Simpson’s 1/3rd

 Rule repeatedly over every two segments. Note that n needs to 
be even. Divide interval [ a , b ] into equal segments, hence the segment width h= (b –a )/n . 

 
where 

 
Apply Simpson’s 1/3rd Rule over each interval, 

 
Since 

 
then 

 

 
 
 

GAUSSIAN- QUADRATURE FORMULAS 
We wish to find the area under the curve     y = f (x), −1 ≤ x ≤ 1. 

What method gives the best answer if only two function evaluations are to be made? 
We have already seen that the trapezoidal rule is a method for finding the area under the curve and 
that it uses two function evaluations at the end points (−1, f (−1)), and  (1, f (1)). But if the graph of  y 
= f (x) is concave down, the error in approximation is the entire region that lies between the curve 
and the line segment joining the points; another instance is shown in Figure 7.10(a). 
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If we can use nodes x1 and x2 that lie inside the interval [−1, 1], the line through the two points 
(x1, f (x1)) and (x2, f (x2)) crosses the curve, and the area under the line more closely approximates 
the area under the curve (see Figure 7.10(b)). The equation of the line is 

                       (1 
and the area of the trapezoid under the line is 

                     (2 
Notice that the trapezoidal rule is a special case of (2). When we choose x1 = −1, x2 = 1, and h = 2, 
then 

 

 
 

 
 

 Assume 
 

 a and b are limits of integration  
 Trapezoidal rule should give exact results for constant and linear functions 

        
                        Constant Function                                                       Linear Function                         

Gauss Quadrature 
b

a
dxxfI

 

 
)(

bfcafcI 10
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 Now instead of trapezoidal, which has fixed end points (a,b), let them float 
 4 unknowns - x0 ,x1 ,c0 ,c1 

 
 

 4 equations - constant, linear (had before in trapezoidal rule), quadratic, cubic 
 Integrate from -1 to 1 to simplify math 

 
Trapezoidal vs. Gauss-Quadrature 

    
 

Exact for constant and linear function                     Exact for constant, linear, quadratic and cubic 
functions 

 The idea is that if we evaluate the function at certain points (non-uniformly distributed), and sum with 
certain weights, we will get accurate integral  

 Evaluation points and weights are tabulated 
Gauss-Legendre Quadrature 

 
 Choose (c0 , c1 , x0 , x1) to yield highest possible accuracy 
 change of variables so that the interval of integration is [ 1,1]  
 select functional values at non-uniformly distributed points to achieve higher accuracy 

Gauss Quadrature on [a, b]    
 To go to [ 1,1] from other limits [a,b] - use linear transformation  
 Change from a  x  b to 1  xd  1 

 
 

 
 

 Coordinate transformation 
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 Coordinate transformation from [a,b] to [ 1,1] 

 
 

 
 
 
 
  
 
 

For 2 points 
 

 
 
 
 Choose (c0 , c1 , x0 , x1) such that the method yields “exact integral” for f(x) = x0, x1, x2, x3  
 Four equations for four unknowns ( see Eqns  3 through 12 in the next pages) 
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======== For 3 points 

 
 Choose (c0, c1, c2, x0, x1, x2) such that the method yields   
 Exact integral for f = x0, x1, x2, x3, x4, x5 

 
 
 

 
 
 
 
 

 
 
 
 
 
 

 
 

We shall use the method of undetermined coefficients to find the abscissas x1, x2 and weights w1, w2 so that the 
formula 

                           (3 
is exact for cubic polynomials (i.e., f (x) = a3x3 + a2x2 + a1x + a0). Since four coefficients w1, w2, x1, 
and x2 need to be determined in equation (3), we can select four conditions to be satisfied. Using the 
fact that integration is additive, it will suffice to require that (3) be exact for the four functions f (x) = 
1, x, x2, x3. The four integral conditions are 

                  (4 
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