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Outline

* Arithmetic on Integers
* Addition and subtraction
* Dealing with overflow
* Multiplication and division



Arithmetic

Integer Addition
* Example: 7 + 6
/., =..00011 1tWO
6ten =..000110,,
..00110 1

EIHEN

0 (0) 0 0 1 (1) 1 (1) 0

* Overflow if result out of range (larger than 32-bit)



Arithmetic

Integer Subtraction
* Example: 7-6
/.., =..000111_
6. =.000110,,, -
1. =..000001_,
two’s complement
7. =.000111_
-6, =..111010,,_ +

1_=.000001,,

ten



Arithmetic

Names of the Operands

Subtraction Addition
A Minuend A Addend
— +
B Subtrahend B Addend

Difference C Sum

O



Arithmetic

Overflow in Signed Numbers

Operation Operand Sign Result Overflow
i Different i X
Addition | D+ =6 v
- SaMme
i  0+0 =0 v/
| | _O = /
 Different :r———@————@ ————— °c 7
Subtraction . O0- =6 v/
ir Same i X



Arithmetic

Overflow in Unsighed Numbers

Operation Format Overflow

Addition A+B = C C<Af(or)C<B

C>A

]
O

Subtraction A-B



Arithmetic
( Start )

Multiplication

Multiplier0 = 1 1. Test Multiplier0 = 0
Multiplier0

Y

1a. Add multiplicand to product and
place the result in Product register

Y Y
2. Shift the Multiplicand register left 1 bit

Y
3. Shift the Multiplier register right 1 bit

-\ 1001000

ten

No: <32 repetitions

32nd repetition?

Length of product is
the sum of operand
lengths

Yes: 32 repetitions




Arithmetic

Multiplication Hardware

S E—

Multiplicand

Shift left

64 bits

Y Y
N
64-bit ALU

Product

Write

64 bits

_’..

Multiplier0 = 1

\

/

( Start )

A

1. Test
MultiplierO

Multiplier0 = 0

1a. Add multiplicand to product and
place the result in Product register

Multiplier
Shift right

32 bits

Contrm -

|

2. Shift the Multiplicand register left 1 bit

Y

3. Shift the Multiplier register right 1 bit

No: <32 repetitions

32nd repetition?

Yes: 32 repetitions



Arithmetic

Multiplication Example

* Using 4-bit numbers to save space, multiply 2.,

%3

ten’

or 0010

two

x 0011,

Initial values 0014) 0000 0010 0000 0000
1 la: 1 = Prod = Prod + Mcand 0011 0000 0010 0000 0010
2: Shift left Multiplicand 0011 0000 0100 0000 0010
3: Shift right Multiplier 000) 0000 0100 0000 0010
2 la: 1 = Prod = Prod + Mcand 0001 0000 0100 0000 0110
2: Shift left Multiplicand 0001 0000 1000 0000 0110
3: Shift right Multiplier 0000 0000 1000 0000 0110
3 1: 0 = No operation 0000 0000 1000 0000 0110
2: Shift left Multiplicand 0000 0001 0000 0000 0110
3: Shift right Multiplier 0000 0001 0000 0000 0110
4 1: 0 = No operation 0000 0001 0000 0000 0110
2: Shift left Multiplicand 0000 0010 0000 0000 0110
3: Shift right Multiplier 0000 0010 0000 0000 0110

10



Arithmetic

Optimized Multiplier (=)

F 3

* Perform steps in parallel: add/shift

ProductO =1 Product) =0

Multiplicand

132mm
b
1 la. Add multiplicand to the left half of

the product and place the result in
the left half of the Product register

32-bit ALU

_..-.

hift right [
Product S » Control 2. Shift the Product register right 1 bit
Write test
64 bits T

No: < 32 repetitions

32nd repetition?

* One cycle per partial-product addition

Yes: 32 repetitions

=)

* That’s ok, if frequency of multiplications is low

11



Arithmetic

Multiplication Example

* Using 4-bit numbers to save space, multiply 2., % 3,_, or 0010, x 0011, .
Steps Action/Operation Multiplicand Product/Multiplier
0 initial 0010 0000 0011
1 Prod0 =1 - Prod=Prod+Mcand 0010 0010 0011
R-shift Product/Multiplier 0010 0001 0001
5 Prod0 =1 - Prod=Prod+Mcand 0010 0011 0001
R-shift Product/Multiplier 0010 0001 1000
3 Prod0 =0 - NO OP 0010 0001 1000
R-shift Product/Multiplier 0010 0000 1100
4 Prod0=0 - NO OP 0010 0000 1100
R-shift Product/Multiplier 0010 0000 0110




Arithmetic

Faster Multiplier

* Uses multiple adders
* Cost/performance tradeoff

Mplier63 « Mcand Mplier62 « Mcand  Mplier61 « Mcand Mplier 60 Mcand Mplier3 » Mcand Mplier2 « Mcand Mplier1 « Mcand Mplier0 « Mcand

‘,ll lll,

64 bits 64 bits

1 bit -+ 1 bit T 1 bit-—~ 1 bit—

\ o

N
64 bits

Product127 Product126 R Product95..32 - Product1 Product0

* Can be pipelined
* Several multiplication performed in parallel

13



Arithmetic

RISC-V Multiplication

* Four multiply instructions:
* mul: multiply
° Gives the lower 64 bits of the product
* mulh: multiply high
° Gives the upper 64 bits of the product, assuming the operands are signed
* mulhu: multiply high unsigned
° Gives the upper 64 bits of the product, assuming the operands are unsigned
* mulhsu: multiply high signed/unsigned
° Gives the upper 64 bits of the product, assuming one operand is signed and the
other unsigned

* Use mulh result to check for 64-bit overflow

14



Arithmetic
Division
* Check for O divisor F /-
. LCinﬁ ;\I,\i/;(s):fo<nd?v?dperr?dat():il’:s 1001ten
< 1000, 1001010, LdMdend)

* 1 bit in quotient, subtract ten ten
* Otherwise -1000
* 0 bit in quotient, bring down next dividend bit 10
* Restoring division 101
1010

* Do the subtract, and if remainder goes < 0,

add divisor back -1000
1o° |femainder]

* Signed division | | _
.. : n-bit operands yield n-bit
* Divide using absolute values quotient and remainder

* Adjust sign of quotient and remainder as required Dividend = Quotient x Divisor + Remainder

15



Arithmetic @
Start

Division Algorithm

1. Subtract the Divisor register from the
Remainder register and place the

result in the Remainder register
1 0 0 1 & Remainder = 0 Remainder <0

Test Remainder

ten

\/ Y

1000, 1001010

ten ten 2a. Shift the Quotient register to the left, 2b. Restore the original value by adding
1 0 0 0 setting the new rightmost bit to 1 the Divisor register to the Remainder
- register and placing the sum in the
Remainder register. Also shift the
1 @ Quotient register to the left, setting the

101 new least sigr;mcam bitt0 0
1010
-1000

107

\J Y
3. Shift the Divisor register right 1 bit

l

No: <65 repetitions

33rd repetition?

n-bit operands yield n-bit
quotient and remainder

Yes: 65 repetitions

10



Division Hardware

_h...

Divisor
Shift right

l64 bits
Y

Nt
64-bit ALU

Remainder
Write

64 bits

test

Arithmetic

S R—

( Start )

-
=}

Y

1. Subtract the Divisor register from the
Remainder register and place the
result in the Remainder register

Remainder > 0

\/

Test Remainder

Remainder < 0

Y

Quotient
Shift left

2a. Shift the Quotient register to the left,
setting the new rightmost bit to 1

32 bits

2b. Restore the original value by adding
the Divisor register to the Remainder
register and placing the sum in the
Remainder register. Also shift the
Quotient register to the left, setting the
new least significant bit to 0

|

Y

Y

3. Shift the Divisor register right 1 bit

33rd repetition?

'

No: <65 repetitions

Yes: 65 repetitions



Arithmetic

Division Example

* Using a 4-bit version of the algorithm to save pages, let’s try dividing 7, by 2

or 0000 0111, _ by 0010,
m
Initial values 0000 0010 0000 0000 0111
1: Rem = Rem - Div 0000 0010 0000 @110 0111
1 2b: Rem <0 = +Div, SLLQ, Q0 =0 0000 0010 0000 0000 0111
3: Shift Div right 0000 0001 0000 0000 0111
1: Rem = Rem - Div 0000 0001 0000 @111 0111
2 2b: Rem <0 = +Div, SLL Q, Q0 =0 0000 0001 0000 0000 0111
3: Shift Div right 0000 0000 1000 0000 0111
1: Rem = Rem - Div 0000 0000 1000 @111 1111
3 2b: Rem <0 = +Div, SLLQ, Q0 =0 0000 0000 1000 0000 0111
3: Shift Div right 0000 0000 0100 0000 0111
1: Rem = Rem - Div 0000 0000 0100 @OOO 0011
4 2a: Rem>0=SLLQ,Q0=1 0001 0000 0100 0000 0011
3: Shift Div right 0001 0000 0010 0000 0011
1: Rem = Rem - Div 0001 0000 0010 @OOO 0001
5 2a: Rem2>20=SLLQ,Q0=1 0011 0000 0010 0000 0001
3: Shift Div right 0011 0000 0001 0000 0001

ten’

18



Arithmetic

Optimized Divider

* One cycle per partial-remainder subtraction

* Looks a lot like a multiplier!
* Same hardware can be used for both

Divisor

32 bits

Y

\/

1. Shift the Remainder register left 1 bit

A 4

2. Subtract the Divisor register from the
left half of the Remainder register and

F 3

place the result in the left half of the
Remainder register

Remainder >0 Remainder < 0

h

Test Remainder

r ¥

left, setting the new

3a. Shift the Remaine

ler register to the 3b. Restore the original value by adding
rightmost bit to 1 the Divisor register to the left half of the

- /—

4—( Control
=]

test

32-bit ALU
§
_ Shift right
Remainder Shift left
Write
64 bits

Remainder register and place the sum
in the left half of the Remainder register.
Also shift the Remainder register to the

left, setting the new rightmost bit to 0

. No: < 32 repetitions
32nd repetition?

Yes: 32 repetitions

G)Oﬂe. Shift left half of Remainder right 1 bit )

1rJ



Division Example

» Using a 4-bit version of the algorithm to save pages, let’s try dividing 7., by 2
or 0000 0111, by 0010

two*

Steps Action/Operation Divisor Dividend (Rem. Reg.)
initial 0010 0000 0111
0 L-shift Rem 0010 0000 1110
LRem=LRem-Div 0010 1110 1110
1 Rem=--ve - LRem=LRem+Div 0010 0000 1110
L-shift Rem + Dnd0=0 0010 0001 1100
LRem = LRem-Div 0010 1111 1100
2 Rem=--ve - LRem=LRem+Div 0010 0001 1100
L-shift + Dnd0=0 0010 0011 1000
LRem = LRem-Div 0010 0001 1000
3 L-shift + Dnd0=1 0010 0011 0001
4 LRem = LRem-Div 0010 0001 0001
L-shift + Dnd0=1 0010 0010 0011
5 R-shift Rem 0010 0001 0011

ten’



Arithmetic

Faster Division

* Can’t use parallel hardware as in multiplier

* Subtraction is conditional on sign of remainder

* Faster dividers (e.g. SRT division) generate multiple quotient
bits per step

* Still require multiple steps

21



Arithmetic

RISC-V Division

° Four instructions:
*div, rem:signed divide, remainder

* divu, remu: unsighed divide, remainder

* Overflow and division-by-zero don’t produce errors
* Just return defined results

* Faster for the common case of no error

22



