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Free Vibration of an Un-damped Torsional System
let

k, = 
?: 

- torsional stiffness of shaft

where

G: - shear modulus of rigidity N /mz
l: - length (m)

d: - diameter (m)

Mechanical Engineering

Ir:-polarmomentofinert iaofthecircularcross-sectionar area ..

4=# (mn)  f f i  *&"
& M

Applying Newton's second law lMs = J6 7, - ,Jr, n.,o@, of inerria

Solution of Equation of Moti
Equation of motion

i + L x = 0

6 * ? o = o
is second order differential equation which has the solution in the following foq.ns
Form I ^p- , t r r @

pre$& = ccos(ar,, t - il ......... (2)
t @f undp ui. .onrrunr,

%. l'
ffimplitude
@:- phase angle

to find the constants we need the foilowing initiar conditions
r(0) = x0 !- initial displacement and

from Equation (2), let f = 0 =+ x(t = 0) = ro

15

t(0) = us :- initial velocity
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xo = C cos(@)

l e t t = 0  x ( t = 0 ) = u o

from Equation (l) . *(t) - -C atnsin(ant _ Q)
or uo = 

*frJa4rsin(rP) = xop)n tanQ

tan @ - Je-
'  

xo@n Q = tan-t 3-
XO(Dn

f - xg
L  - -

cos(0)

v

uo = C a4sin(@)

C -  
x o  -  x o

"  
- c o t d ) - E =

f,(anxs)2 +(vs1z

, = rlrr. (#)-

*f {J

?A {fut
& U

Form2 t 
b

x(t) = C, cos ant * C2 sin lr;,rt ... ... ... (3)
fromEquationgp), lett= 0 x(t= 0) =xo

-"dxftfu 
s

{*ft lt 
Jcrrnsinar,r * c2ancosant

1s1s 
ft7" 

*(t = o) = vo
t'l2g = C2@n C, = 

#

x(t) = ro cos art *bsinunt-- o)n

?":- The period of oscillation (sel - 4
' Q)n

Note :- the natural frequency can also be defined as the reciprocar of the period

. &

15



Vibration - Fourth Class / University of Tikrit (22_23)

fn =1 Hz
I

Example

A chronograph is to be operated by a 2_ second pendulum
of length L. A platinum wire attached to the bob completes
the electric timing circuit through a drop of mercury as it
swing through the lowest point. (a)_ What should be the
length Z of the pendulum, (6)-If the platinum wire is in
contact with the mercury for 0.3L75 cm of the swing what
must be the ampritude g to limit the duration of contact to {
0.01 second? (Assume that the velocity during contact is

* g 9 = 0

Mechanical En gineering

(rad/ sec)

&ruw
Y

A * i o = o

where  ,^=# Y . . . . . . . . . (a )

but T = 2^@, = 4sec = Theperiodof osci l lat ion _2,
ffi e)n

then the equation 
"r,n"q@ 

e

r % /
rrrhe"o lS ,f

,r',"iffi&
& wr

from E@rfon (a)

+  a - = !' " 2

u, - o'31s*10" = 0.3L5 m/s

! -  l g =  E
2  { r  {  ,

: +  L = 3 . 9 7 6 m

9o=in i t ia langu larve |oc i ty= ;=#=0 '078B5rad. /sec

For rotational motion the Equation of motion becomes to
o ( t )  _  C c o s ( a n t _ Q )  . . . . . . . . . ( b )

L7
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@ = t a n

0 o = 0

-t oo
0oan

wheng  -00=  0 .07885  rad . / sec

0  = : =  e o '
then Equation (b) becomes to 

M0(t) = 0.0s02 sin (f r) at maximum ampritude r %MW
o^o*(t)=o'0502 

,^ @t
viscously Damped single Degree of Freedom &' 

W
* % - o

A damping is assumed to have neither mass nor elasticity and damping ffir". exists onlv if there
is relative velocity between the two ends of the damper. tM%, or work input to a damper is
converted into heat or sound.

Fa :- damping force *W 
"

Fa = ci where c '- dapffi,unt or coefficient of viscous damping
From Newton's second law k$ff, ,', . ,::

Note that kA= w

m i * c x * k x = 0

. . . . . . . . . ( 1 )

Zan  c

2an Z@nm
X 2tDn = 2(an

where

Note that

l-----;-r
l( = * | damping ratio [dimensionless]
|  " t n ^  |

damping ratio ( can be written as ( - l: -
, ^  E -.vm

lF = mi where i acceterar'",@-Y
Then, From Free Body O,Kr Y

-kx - cx = mf& W-

then Equation (1) can be written as

18
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x * Z ( a r x * a f i x = 0

Equation (2) is homogeneous 2-nd order D.E

" " " . . . ( 2 )

Let the solution 
, x(t) = stt

Substituting these into Equation (Z)

,ttgz *Z(anl+ ( j j f ,)  = g

1 2 + z ( a r l * a f i = g

The two roots of (3) are

L t , z = - ( a n t J ( - t  a , " " "  " ' ( * )

l- Underdamped system 0 < ( < 1

x(t) = Trtt i( t1 - 72r7t

elt + 0 then

.... . . . . .  (3) [characterist ic equation ]

when = 0 , the roots i1 and 12 correspond to the points i,i,, affir,.& mrfl the motion
represents harmonic motion with naturar frequency a4r. This,ur. ffirfurrffi p er).w{
In this case the two roots of Equation (x) are

where

Note that

7r,z = -(an t iJR @n = -

(id. = JQ an

@41|u i ' n

r _ vs+(arxs
v 2 - -

@d

ffiw
uency

s i n c e l = 3  a n d  T ^ = !
u)n * 

ad

since fsiaat = cos u4t * i  sin ataf]

[Form 1]
where Cl and C2 are two m initial conditions

and * ( t = 0 ) = * s = y ,

x o = C t

x( t )  =  
" - (ant fxscosu4t  

*  Crs inaat)  . . . . . . . . . (4)

to find differentiate Equation (a) with respect to time t
x(t) = -(a\e-<'"t[x6cos @at ] c2 sin a4tl + ,-gantf-xecd4 sin uat * c2uacosaat)

then from second condition x(t -_ 0) = *s = y,

v o = - ( o n x s * C 2 a a

Equation (4) becomes to

Then the general solution of equati$fulZ$

x(t)=r,ffitdM
x(t) - Cre(-(<.'{+i r% CriG(rn-t rdt

x(t) : r-qt'tntfQcas @4t * Cr sin l;,atf

T9
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x(r)='-"@rot l

L:@ 
= Qs-(<ont cos(uat - e) | fForm 2l

From the nrt

x o = C c o s ( @ )  C -  I o
cos(@)

*(t) = - gs-(@nt aa sin(ant _ Q)_c(one-(a,t cos(roaf _ @)
l e t f = 0  * ( t = 0 ) = u o

uo = -Ctoa sin(-@) _ C(ttncos(_@)

vs = C@4sin(@) - C(ancos(@)

,%

ff

or

'o = 
#;,a 

sin(@) - xo(@n
X

s .

Xo(ia

x+
S
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2- Critical system ( = L

In this case the two roots of Equation (*) are

l r , r _ l = _ a n

Then the general solution of equation (2) becomes to

x(t) = (Cr * C2t)e-@nt " ' . . . . . . ( s )
where Cl qnd C2 ilre two constant where can determined from initial conditions *&

x ( t = o ) = r o  a n d  * ( t = o ) = x o = p o  M # f f i
from first condition xo = Cr 

'%,W

x(t)=(xo*C2t)e-@nt ,a ffipry
to find C2 differentiate Equation (5) with respect to time r qfu W

x(t) = -anxs€-art + Cze-rnt - anC2t€-ont W
then from second condition x(t = 0) = *6 = yo 

^ruuo = _ c,rryffry-,*,
lr(O 

= fxs * (o^xo + uitl e-,"tf&,W

, 'eW

itically damped system will have the smallest damping required for a periodic motion.
The mass returns to the position of rest in the shortest possible time without overshootins.

Example

The 8 kg body is moved 0.2m to the right of the equiribrium position
and released from rest at time t = 0. Determine its displacement at time
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t = 2 sec, if the viscous damping constant c of 20 N. sec/m, and
stiffness k of spring is 32 N/m.

Solution

Mechan ical Engineering

Since the system is linear then. ' ,=  E=f  =2 rad ' /sec

we need aa -- JQ dsn = J@ .2 = L.56L rad./sec Note t
x(t) = 6e-(ant cos(aat - Q)

where e=tan-t f f i  and

x o = * 0 . 2 m  U o = 0

Q = tan-r o+9'? o:62-s 2 = 38.68"Q=tan- ' ry##=38.68"  r=M =o 's6m
so the general equation of the problem is 

*ffi*Wx(t) = 0.256e-7.2st cos(1.56rr -ffi.0ffi
then, when t = Z sec ,,e, @#

x(t) = _o.o16z,"Wffi

Example 
"ro 

ffi,Y
Derive the equation of 

@r. 
tMon,ogeneous circular

cylindrical which rotts witnoffiping. If the cylinder mass 

'=' 

, 
' 

' 
, ''

is 50 kg, the cylinder radius is 0.5m, the spring constant
75 N/m a5ffiwhe 

$amnin8 
coefficient is 10 N. sec/m,

dete

natural frequency (a1,.).

3- The damped natural frequency (r,t).

4- The period of the damped system.

In addition' determine displacement x as a function of time if the cylinder is released from rest at
theposition x = -0.2mattime f = 0.
Solution

22
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The disk has translation and rotation motions
Then from free body diagram

X F = f i L a o = 7 n i

- k x - c * t ' F 1  = m x

where F; is friction force

m i + c * * k x : F f

now, \Mo = Joi)
-F1r : Jo6

since x = r0

0:- is angular motion of the disk

and ]o

n L
ry = -;ITLX

m i + c x * k x = - ) m t

x + i f tx  +2;Lx = o
comparing with the general form

2  2 ka f r = a ;

',=rE=.ffi^t

so -F1r = !r*r,  . i

from Equation (a)

Mechan ical Engineering

H x rrt
$ $  ; _

kx

" " "  " ' ( a )

a  - ^
v  - -

r

If

*n - 
{3m I5 F'6"ryr

c = L0 rv.r"./ffi w
( = ;# = o.offif (under damped)

r - -_1  o-0 .2 ,0 .0667.7
Ldu = 3.8236"_0.2.0.998

x(t) = 0.2004 e-0'0662t cos( 0.998t _ 3.g236.)

w'@.,Mw. r y

rad / sec

@ = tan-t',Ife!.?" and C _xo@d

Xo = -0.2m Uo = 0

(xi, + ("*:r,")'

a -

23
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Example

A sketch of a gun is shown in Figure. When the gun is fired, high_
pressure gases accererate the projectire inside the barrer to a very
high velocity' The reaction force pushes the gun baner in the
opposite direction of the projectile. Since it is desirable to bring the
gun barrel in the shortest time without oscilration, it is made to
translate backwards against a criticaily damped spring - damper
system called recoil mechanism. In particurar case, the gun barrel
and recoil mechanism have a mass of 500 kg with a recoir spring of
stiffness 10000 N/m.The gun recoils 0.4mupon firing. Find (a
the critical damping coefficient of the damper, (D)- the initiar ,rroi
velocity of the gun, and (c)- the time taken by the gun to retu{Fwm a
position 0.1. m from its initial position. 4 &
solution #,ry
Since the system is critically damped

c" = Za)nm

c c = 2 ' 5 0 0 . 4 . 4 7 . sec/m,
for critically damping f ) : xs * (arxs + vs)tl €-@nt
the initial conditions are vo =? but when

The door of a house has a height of zm,width of lm,thickness
of 50mm, and mass of 50 kg. the door opens against a torsion
spring and viscous damper, as shown in Figure. If the spring
constant of the torsional spring is 15 N. m/rad,find the damping

x( t )  = 'vst  e-ant

tg) 
MEaJ nu6,t e-@nt * uo e-ant e = -@nl)ot e-ont

f f ib  r=a =#=oz236sec
&  W "  

a n  4

Wro 
. 0.2236e-4.472t.o.2236 vo = 4.863

H W X

Mechanical Engineering

x = 0.4m

*  vo g-unt

x = 0

24
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constant necessary to provide critical damping in the return swing
of the door. If the door is initiaily opened 75" and released, how
long will it take for the door to come to within 5' of closins
HW

A slider of mass 1" kg travers in a cyrinder with a verocity B0 m/s and
engages a spring- damper system shown in Figure. If the stiffness of
the spring is ft = 20 N/m and the damping constant c of 0.02
N' sec/cm, find the maximum dispracement of the srider afterxurDpr.lutrtnent OI tne Sltdef Uft""$& L

engaging the spring and damper. How much time does it take to ,ffi
the maximum displacement? \ 

%"

Measurement of Damping

A convenient way to determine the a mount of dampi

N = x t
6s-(antt cos(aat1_ e)
= t1*  T4

x2 = Qs-(@n(t#rd) cos(ara(t1 + TD _ e)

Mechanical Engineering

system is to measure the rate

= cos(oa (tL + T) - O)

of decay of free vibration.

,N,

x, :- is the amplitua" ut tirn.fu%Sl
x2 :_ is the amptitude aniffi%Tw

where tz=t r+f f f i  Sro"

r o w
the general equation of osciilaffimotion is 

t

x(t) = (s-(ant cos(aat - Q)
w h e n  t = t

l e t

t=f f i  s incecos(aratr -Q)
!  - 

"<conrd 
..x ,  '  " " "  " ' f 1 )

f  l n ! = 5  |
| ", ,, 

- , 
I 

where d is logarithmic decrement

W

rffip E

w e

25



If ( for the system is smalr then we can use the ampritudes x, and x* fx^ isampritffir mperiodl, then
x r  - \ , x , , x z . x t . . , , . , , , , ,  x m  Wxm+t X2 xs x4 x5 ,^*, M W"

then from Equation (l)# - ,(anra 
M 

e 
#M 

r

#= (e(a,ra1m - ,m(anr4 \ 
%/

Vibration - Fourth Class / University of Tikrit e2-23) Mechanical Engineering

so  6= (anTa - r r r #

6 =  (a^Z-  2 t t (
' " ^/t-<2 an '/14

( = g'  
^/(znlza'52

r"#= ^<w = m6 
| 

u =;ffil where m is integer

Example

d = l 6) a2.7rru

'1, sec

= 0.4037

2E

but aa = Jfr an

x2 - (2n)2<2

7-<2

@ a = Z n = J f r a n

un = 6.8T rad/sec

= 2 '500 '0 .4037 ,6 .87  =  ZT72.S N.sec /m,

. . . . . . . . . ( a )

@ d

Ztt =

( = ! -  c
' cc Zman

x(t) = g,

c = Z(man

-(ant 
cos(a4t _ Q)

An under damped shock absorber is to be br a vehicle. The initial amplitude is to bereduced to one - forper od of v bra,ion,:i: * T.l'ffi ;ffi;lH:i*:#: :T:Ti::
:::,"::T::,:]:" Mh."&# 

frm, nnd the minimum initiar verocity that resurt in
absorber. Arso, if the crffic"&mtfim, find the minimum initiar
bottoming of the systen&. W

Solution ry
x r . r = T  x r = T  t h e n  * , - L 6

1 - (0.4037)2 ,,

26
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where

when, t

H.Wl

A vibratin

d = tan-1 "ol'n!^" and f, =xo@d.

- r l= u  ,  X o  = 0  b u t  u g

d = ian-t- =:)

+ 0

Q = 9 0 ' f - u ou  - -
@d

*(t) - -(arce-(^,t cos(a4t - il - Caoe-(rnt sin(uat _ e)
0 = -(anCs-(ant cos(aat - i l  _ Caoe-(o,rt sin(atat _ @) 

ff i,( cos(aat - e) = -JR sin(aat - e) e # ffi
tan(o,t - e) = -#= -# = -s.+alzs* ffi
@at - @ = tan-1(-0.441,25)

aat-I=-o+tss - fuY@4t =i - o. i tss Ws+s
t  =w = o'184 sec

from Equation (a) when f = 0.1g4 x(t = 0.1g4) =

0.25 = ce-(0.4037. 6.87. 0.184) cos

0 . 2 5 = C ( 0 . 6 ) 0 . 9 1 5 0.455

to find the initial velociW

(Znt -i) - o.+SS.2or-2.77t sin(zrct _|)

s
ffiterwconsists 

of a mass of 4.534 kg, a spring of stiffness 35.0

$apmning 
coefficient of 0J243 N.s/cm. Find (a) the damping

N/cm, and a

factor, (b) the
ment, and (c) the ratio of any two consecutive amplitudes.

H.W2

A vibrating system consisting of a mass of 2.267 kg and a spring of stiffness 17.5 N/cm is
viscously damped such that the ratio of any two consecutive amplitudes is 1.00 and 0.9g.
Determine (a) the natural frequency of the damped system, (b).the logarithmic decremenr, 1c) the
damping factor, and (d) the damping coefficient.

(xi, + ("+.!S\'z

x(t) = 9.455r-z.zz t
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